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Attempt  any fz#o  parts  from each  question.

AZZ  questions  are  compulsory.

Marks  are  indicated.  a

1.      (cb)    Find the  relative  extrema  using first  derivative  test  of the  function  :

f(#) = 2#3 -9#2+|2#.                                                      6.5

(a)    Find  the  open  intervals  on  which  the  function  f(#) = #4-8#2+16   is

concave  up  or  concave  down.                                                                              6.5

(c)     Sketch  the  graph  of the  function  y=#(#_1)3. 6.5

P.T.O.



(2)

2.     a    Evaluate  the  following limits  using  L'Hopital's  rule  :

(„      lim (2_"tan(Z#)#il

(I.i)    £li#+ tan#1og#.

2675

(a)    Sketch the curve by eliminating the parameter and indicate the direction

of increasing  £.

%=cos2£,  y=Sin£,  -£S€SZ.

(c)     Ske.tch  the  graph  of  r2 = 4cos2o  in  polar  coordinates.

3.      (ci)    Find the volume of the ellipsoid formed by the revolution of the ellipse  :

#+#-1,

about the  major  axis.

(a)    Find the  area of the parabola  y2 = 4ae  bounded by its latus rectum.  6

(c)    Find the  length  of the  curve  :

y-1og#,

as # varies  from  1  to  2.



(3) 2675

(c})    Obtain the reduction formula for  /sin"# d#  (n being a positive integer)

and hence  evalu;te  :

sin5# dr .

/nzsinmxcos"#dr.

(a)    Evaluate  :

7I

(c,     If  ln-,oZ tan72# cZ#,  then  show  that  for'

„ > 1,  (ln + 1n-2) -
1I.

Hence  deduce  the  value  of 15.

5.      (ci)    Rotate  the  coordinate  axes  to  remove #y  term from  the  equation  :

a;2+2J5#y+3y2+2J51a;-2y=0,

and  trace  the  conic.

6.5

6.5

6.5

6.5

(a)    Sketch  the  ellipse  i+#=1   and  label  the  foci  and  draw  the

directrices.                                                                                                                    6.5

(a)    Find an equation of the parabola that is symmetric about the y-aris, has

its vertex at the  origin and passes through the  point (5,  2). Also write

its inflection property. 6.5

P.T.O.
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6.      (cb)    Show that the function  rri = (2sin€, 2cos£, JB)  has constant length and

is  orthogonal  to  its  derivative.                                                                           6

(a)    If  F=:#t+rf+zf  and  r=|F|,  then prove  that  :

v.(:)::                                              6

(c)     A  particle  moves  along  the  curve   #=2*2,   y=£2-4£,   2:=3*-5   where

f  is  time.  Find its velocity and  acceleration  at  £  =  1  in  the  direction of

vector  F= 2£+2;.-£.                                                                                                 6

2675 4
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1.        (a),     Using a -8  definition  of limit,  showi that  :

lim i = ±'
x;>cac        C

.   if a  =  0.

(a)       Show that if f :  (Zz,.  co)  + R (a  > 0) is  such`that

#Lim;mco#f(#)=L,
r

where  L. €{R,  then

#:Lm;cof(#)=0.

_T--

r`       +¥                                         `

i     I             P.T.O.
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i     (a)       .LetA<c=,Rand`f:A>Rhas alimitatc  E  R, wherecis acluster

point  of A.  Then  prove  that f is  bounded  on .so'me ±neighb`9u,rhoQd

ofc.
1`     i                                                 c-i-,      .`,

(cZ)      .Give example offunctions fand€ such that rand g do not \haye limits

at a point c, but both f+~g and/g have limits  at a.        ,`              ,,
ng,\                  4                          `u        `                                                      .                                       \J.

If f is`  continuous  on  a  closed  interv`3!: \[#,  b],  then  prove  that f is

uniforndy continuou;  on  [a,.  b].  `

Show that the function ##)  = #2 is uniformly continuous on  L4,  4].
`'

rTi£

2.          (a)

(a)
i.       i                    lL     r`_

(c)        Show that` :
+                    i,                 }             '

*    u3                 y.tap:fEtx>O»

~

does not exist in R.
'1\

(cZ)      Use  s - 6  definition  of liinit to  show  that  :
I,

HnLut #+3

3;      a(a)       Let

I-f(*,=`(:,2,       :::,u                  `                       `

Calculat; f '  on R.  Is f'  continLous as well as differentiable on R ?

Justify .your answer.
I                   +",     nJ   *

(a)       Letfl#) = sin.|#|, wh.ere #  e  R.. Determine the se`t of points wheref

is not differentiable.  Justify your answ.er.
\



(`3)

(a)       If .f :  R + H is differentiable at a  €  R, then show that :

(f)         Hnhaio
i,

(z';)      H"io

fua+li)-fo =r(a),
1

fla+|t)-fup-_|ib_
2h

-f,(a).

5803

(d)      Suppose f is  defined on  an  open intervalr(a,  a)  Let #o  e  (dL,  a).  If f
`        assumes its maximum at '#o and if`f is differentiable at #o, then show

thatf,¢o,, =  0.                                                       `,    ,

State and prove Rolle's theorem.

Let f be defined on R and .suppose that  |##) -fry) I  s  |# -y I.3 for t

.all #, y  e. R.  Prove that fis a coistant funedion, on R.           ,

(C)       Show that  sin¥F.<# for all# 2  0.

(d)      State  Intermediate  value  theorem  for  derivatives...Suppose  f is
r!``

differentiable on R and.flo) =  1, #1)  =  2 and #2) =  2.

(£)        Show thatf'cO  = '±  for`some#  e  co,  2),

(a.£)      Show that f („ =  :  for some #  €. (0,  2).

5.I       ,(a)        If

y = log

show that

ti  +  #2ly„  +  2  +  t2n  +  1)ny„  +  1  +  7}fty„  =  0.

P.T.O,
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)i:.®1r

(a)       ,Trace,,,theA<4ngrve Ti

(    4.'  )
.

A      :  !*(il.pr-               `

ay2,  -_ y2]k%2.  -* aD .
`

`{,,-.I

5803

(c)       Deterlnine the intervals  of concavity land points  of inflexion (if any)

ofthectLrve:                            rfc`      i,t        j4         .    i
t

EiE-

I         {t     at¥,r=¥4-t_?ftf2j+¥t`+...      1+             {++~4           i`,

t(qtA*    .State Taylor's  'I#.eorem,.  Find the  Tay|gr'S  series  expansion  of sin.2ac
about,#=0.                                                         f   .      .i

''`

6.         (a)       Tracethecurve:                      ,}      +            A     ~    h

f2            i                                   ``,                                            r  =#+.2   sin±29..,     r.        t-`i,J`\~

(a)       Determine the pbsitioh 'and niYture`ckof th6`doth¢ points of the curve :

#3+2#2+2#iv-y:2g.+5i#-2ry`=o:.rt   :         .i              '

3          (€jrq {   Find tri`e`i'3krrizont2:ri.Fsymprt'otes of the `iribLi*.bfuline -riLction a+en by

F-'#5``[sin:.-,=::frL-,i r"        :
E=

(d).      Find the  equations  of tangents .at origin to the  curve  :'
i                                   ui„       JL            .       3,.i.                        €i,+        ,f`                    I

1`                                   `   y:A:  +  yA  -_  Of;ik#21. y2;).

I.                     I",

J

j2           v,:-u

5803
•\r,
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1..j       (a).  ,    Definei |pe||  for  any vector #  in R".  Prove  that  :

•   #  . ,  =  :(,ky  + y"2  -,ky--y,,2,

.for  any. vectors #  and y  in  R7L. 2+5.5.

(a)       Use .the  Gaussian  elin}ination `method  to  sol.ve  the.  system  of I.inear
r             equations  '`:

#1.  +  #2  +  #.3  .=  5
\1

2#1  +  #2 -- #3  =  2

u.2#i  -.#2  +  a;8  =  2.

I?-



``.(      2      )

(c)       Fin.d the--i.ank of the matrix :

1          3         -1         4-

A2.            4         `3?.;i    ,5

-1      -2       6       -7
i           L`` !J                  i,

2.        (a)       Determine  whether the vector  [7,1,
matrix-:                h ! ,.           Jt

9         6,I.,         2

2       10       -4

2-14

7¥5

18]  is  in  the  row  s|]ace  of the
BEif

7.5.
<.,

t  (a)    ` Use the GaussTordan method. to convert .t`he xpatrix A to reduced row
echelon form  :

" -?,        3             .,

A

''i
1240

0130

0015
7.5

+

(a)  ~    Find  the+eigenvalues  an-d  the  corresponding  eigen`spaces  for  the
.following matrix ':

I,1'

•fli

1-FT-:'-               ji            `r#

101

0    `?    3          L2

00i4
7.-5

3.        (a)      Use the Diagonalization Method. to  detemine whether the following
matrix A .is diagonalizable. If so, specify the matrices D and P. Check

\

your work..by veriftng that  D  =  FLIAP  .
-3-3         =1

2-'       2          4

6-34
7.'5



(    3    )                                                                       596.7

(b}. 1    State True .or False for the fo.11.owing statements. Give a justification
I,

for your choice  :

(Z)        The set of polyhomials of degree s'even is a vector space und.er

.   the  operations  of usual  addition  and  scalar .multiplication  of

polynonrials.          `
j-

(I.Z)      the s.et of non-singular 2 x 2 matrices, under the operations of

usual  matrix .addition  and  scalar  multiplication,  is-' a  vector

space.                                                                                                      3.5+4

(a)       Show that the set of vectors of the form ha, b, 0; a, a[,-I 2b  + c]  in R5
.forms  a .subspace of R5 under the  operations of vector addition and

scalar multiplication.                                                                                    .7.5

`   4.        (a)      Use the simplified span Method to find a simplified g.eneral form

for  all `vectors  in  span  (S),  where  S  is  a  subset  of M.2  x  2  given

by
.,

{[-o]     :],I:      _O]],I-o]     :]L                        7.5

.(a)      D.etermine whether the given subset of P is linearly independent  :

{4#2.+2.,#2+#-1,#,#2-5a;-3}.     ,,                           7.5

(c)       Define a basis for a vector space. Ppcive that the following set -is a basis
'

of M2  x  2  :

([:     :],[:   ':],[-13      :],[:     ::]).
2+5.5

P.T.O..



I,      -'`.        I

5,.,.,,,(a),

(4i) 5967

Define  T  :  M2  x  2. i"-`M2  x  .2  giv6ri  .by  T(A) `=` AT,..where  M2  x  2  is
I

the .vector space of all 2 x  2 inatrices over R. Is` T a linear operator ?

2,` + , p           <Find  range.I  and  keglel Tf  Is  T  an  isop.q`dyhisp?                2+4+1.`5
I

i„ .(a)       Find the -niatrix of theilifiea`r-,€inns-forfuati6n`-T  :  P3  +  P2  given b}
I

T®(#)) = p'¢) with respect to the staridard ordered bases of P3 and

i,I    ,.      .€  `        `  P2  I.esp.ectively..                                                                                        i                                7.5

•    (a)a    .F'ind the..range and kemel. oFthe :linear transfo-rfuation T : R3 + R2

j±.a. ef r-                  defined  as  T(a[,. .a,  a)  =  (a  -.  a,   2o).  Verify`'`theL'  Dimension  Theorem

+"T.I      ;.    !L     -,£`forTi                                           *£                     ,    j.+   }`\    +             'a                                      2.5+2.5+2.5

+J6.;-   ~  J`(z5)I      Are T  :  R2 + R2\~Ydefined a9sr~JF(#,.-})t= .(0,r`j)  and S  :  R2  + R2 defined

as  s(£, y)  =  (sin#, y) linear? Justfty your an;wer.                     ,3;5+4

ta            .(+a)ai  -`Let   A   be   a   f-iuxed   nQn.Jsing'triar   `mu   `x   m*`  in`atiix.    Show   that
\.

'    '    +             5.T  :  M„jx  „*x  M#x-`„  given  by!fr-(.B)  T=  AB  isJ`ah.is6inorphism.    7.5

EEn

a:.!L

Define  T  :  M2  i  2  +  R  ds  T(A)  .=  Trace  A.,.  is  T  a  linear
1.\

transformation,?PFind the matrix of T-with respect to  the  standard

ordered bases of"2 x 2 (overj R).'`and 'R '(over R) respectively..   2.5.+5

t i,:                       ,-                             I

-i`       1                                                   ,

•..:-v  J4++                                 .f``

-`h
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1.          (c!)        Let#  andy  be  vectors  in  RT.  Prove  that  Ike  +y||  <  ||x`||  +  Idyll.

(a)       Solve the following system of linear. equations using Gauss-Elimi-nation

method  :   ..

#|  +  2#2  +  3#3  =  1

#|  +  3#2  +  5#3. =  2
\

2#i  +  5£2  +  9#3  =  3.

.     (a)       Solve  the  following  system  of linear  equations  using  Ga.uss-Jordon

method  :

2#i  +  3#2  - #3  =. 9
<

#1  +  #2  +  #3  =  9

3#1 `- #2  - #3  =  -1.
P.T.O.
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2.       `(a)       Define  rank of a  matrix.  Find the  rank  of the  following  matrix  :

214

325

0-11

(a)       Find the  characteristic polynomial  of the matrix  :

71-1

-11       -3        2

18          2        -4

Also,  find all .the eigenvalues and eigenspace for any o72e  eigenvalue.

(c)        Is  t`he  matrix  :
iEI

-3       -1        .-2

-2       16       -18

2         9.         -7

diagonalizable  ? Justify.

3.        (c!)       Show that the set R2, with the usual scalar multiplication but with

vector addition given by  [#, y]  ©  [zo, z]  =  be + y, 0]  is not.a vector space.

(a)       Use Simplified Span Method to find a simplified general form for all
I

the vectors  in  Span(S),  where  :
'

S  =  [x3 -  1, ct2 - #, #  -  1]  is  the  subset  of P3.

(a)        Sho.w  that the  subset  {[-1,  2, -3],  [3,  1,  4],  [2, -1,  6]}  of R3  forms  a

basis  of R3.



(3)

4.        (a)       Prove  or  disprove  that  the  subset  :

S={[_ao       :];a,b`€R}

is  a  subspace. of M22  under usual  matrix. operations.

(a)       Use  Independent Test  Method to find wh;ther the  set  :

S  =  {[2,  -1,  3],  [4,  -1,  6],  [-2,  0,  2]}

of vectors  is  1.ineady independent  or linearly  dependent.

5377

(c)       Determine whether the.vector x =  [7,1,18]  is in the row space of the
I

matrix :

362

2       10       -4

2       L-1          4

If so,  .then  express  [7,  1,  18]  as  a  linear  combination  of the  rows

'of A.

5.        (a)       Define  the  linear  transformation.  Determine  whether  the  following

function  is  a  linear transformation .:

Ti  :  M32  +  P4  given  by  Ti

.::::

=  Clii#4  no2i#2  +  C13i.

(a)       Let  T   :   R2  +  R2  be.the  linear  operator  that  performs.a
•counterclockwise through an angle 30°. Find the matrix represertyation

•for T  with  respect  to  the  ordered basis  8  =  {[1,  1],  [2,  3]]  for  R2.

P.T.O.
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(c)       LetT  :  P2(R)  +P3(R)begivenby  :

T(p(#)) -I p(#)dr.

Find the matrix for T with respect, to  standard bases for P2(R)  and

P3(R)..  Use  this  matrix  to  calculate  T(3#2  -  2#  +  5)  by  matrix

multiplication.

(a)       Suppose  L  :  R2  +  R2  is  a  linear  operator with  :

L([1,  2])  =  [1,  1]  and  L([2,  0])  =  [2,  4].

Give a formula for L([#, y]) for any  [#,. y]  €  R2. Also, find a basis ,for

Ker(L)  `and  Range(L).

(a)       Let T  :  R3  +  R3  be  the linear  operator  given  by  :

-3

Find a basis for Ker(T)  and. a basis  for Ra.nge(T).  Also, verify that  :

dim  (Ker(T))  +  dim  (Range(T))  =  dim  (R3).

(C)       Let  T  :  M23(R)  +  M22(R)  be  the  linear  transformation  given  by  :

T([:     :    ;)-[:::    ::;].

Show  that T  is  onto  but not  one-:t.o-one,
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1.        (a)      Prove that if #, y. and z.are mutually orthogonal vectors in R", then

Ike   +  y   +  2;ii2   =   |beii2.  +   ib,ii2   +   ipii2.        -

Also, verify the. same for the vectors `in R4,  where #  =  (1, '0, -1,  0),

y  =  (1, JZ,1,1) .and g  =  (1, -J£,1,-0).
\

(a.)      ;'Solve  the  following  system  of  linear  equations  usi`ng  Gaussian
Elimination Method  :                                         '

ati  -  2pe2  +  4#3  =  -5`4r.

Tl#|  +  #2  -  2#3  i  .20

•5rfi .i  dr2  +  8#3  =  -83.

(a)'.     thing the ,Gauss+`o`rdon method, find the mi.nimal inte'ger values for
the variables  that will balance the( following chemical  equation  :

a(EN03)  +  a(HC1)  +  a(Au)  +  d(NOcl)  +  e(IIAuC14.)  + #H20).      t

P.T.0.
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2`. ..      (a)      Define  a  linear  combination  of the  vectors  in  R".  Express  the
Vectors   [1,   11,  -4,   11]   as  -a  line.ar  comb.inat.ion  of  the  vect,or,s

'

`     #  =  [2,  nd.,  1,  -3], y  =  [7,  -1, -1,  2]  and z  =  [3,  7,  -3,  8].
(

(a)       Consider the matrix  :

A        5        -8       -`12-234

4       -6       -9

+            ;        (i)    r7,State  th-e!-Cayley-Hamilton  Theore.in.

.   i    nt(€Z)`       Find`the  eigenvalues  and  eigenvectors  of A.i.

r            ,(?.a.i)     Check whe.ther the  matrix A is  diagon.a|iza.ble  or pot?

(a)        Let

rna                                                                            put  E=

A=

2'34

011

-215

30,1

and 8 =

<+

21-5
\?u

230

4'11

CompuJte  R(A.B)  and  (R(A))B  to  verify  ,that  they  are  equal,  i.e.,,
if                                                                                                           fii

R(AB)  =  (R(A))B,  for the  operations  :

(!)        R.:  <3>  +, -3  <2=  +  <3>,

(I.i)       R:=2>o<3>.

3.       +(a) Let R2 = {(ai, a2)  : oi, a2  €  R}.£Prove tha-t R2 is a vector space over

R with 'a'ddition and scalar multiplication defined as;            I

(all,  Cb2).+   (bi9`Z}2)  =  (all   +  bi7  a2  +  b2)`
+              /`J'

a(Oi9  ¢2)  =  (owl,  Ou2)  Where  (ai,  ¢2),  (bi,  b2)  e  R2,  or  e  R.
<



(     '3`')
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(b)      Define b.asis of a vector space. Prove that the following subset s of R3

is  a  spanning `set  of. RI,  where  `S  ='.{(2,  2,  3),. (-,1,  -2,1),  .(0,1, .0)}.

(a)       Do the polynomial§ #3 I 2#2  +  1,  4it3 - #  +  3  arid at - 2` gene.rates

P3(R)  ?

4."        (cl)       If`{ui,  u2 ,.....,  zJ,,}  is  a basis  ofa vect6r space v(F),  then prove.that

every element of V carl .be 'uniquely expressed as a linear combination ~/
of .Ui,   tJ2 ,.....,  ZJ„.     I

(b)   .   Define linearly .dependent and ,independept set in R3.  Show that set
I

of vectors {(2, -2., 3), (0, 4,  1), (3,  1,. 4)} in R3 .is linearly dependent.

(a)       Let .W  be  a  subspa6.e  of a  finita-dinensional vector  space  V.  Prove

i     that  W  is -finite-dimensional  a.nd  dim(W)+L_ <  diin(V).  Moreover,  if

dimow)  = dimm, then v = W    +                                  `                       \
.,-                          \`

5.I       (a).      Let T. : R2 + R2 is a function. For each bfthe fipllowing patrts, sta'te
: .   ~ why T is not a linear transformation.   r,

(i)        I(cb,  b).  --(1,  b)

(ii)      I(a,b)=(a,b2)   .

(£££)      T(a;  a)  =  (sina,  o)

(!t,)      i(a,.a,)  =  (l¢l,a)

(I,,        T(¢'  a,=(1+.a'  a,.

•(b).      .Let v, W. and z be finite-dimensional vector Spaces.with ordered.basis

or,  a  and. y,  respectively.  Let T  :  V + W and U  :  W +  Z be linear

transforma`tions.  Thch  [UT]: = [U]£ [T]£ .

(c)       Prove that two same dimensional finite vector spaces overthe same

field are isomorphic.
'1,

P.T.O.
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J6{'  +i  r:-(a),.       Letrv  and  W  be  vectorc*spa'ces  ov`er  -saife  field±F;. aind  suppose  that

tj    EL             .  {Ui,  tJ2 ,....., a U„}  is  a basis for!V.  for Col.,  zo2,.: ...,  zu„  in W, there?xists

..:, u  I,.i.        `    exactly one linear.transfoination T :.'V + WL sqch that T(u£). = zpz foi

!   =   1,   2,`  .......'  7Z,.                                                                                                      `

..  f  ,  ,{b-}       Let  L  :  M2 x  2(R)  + £R3  (R)±P,e  a  linear transformation  given  by
*}

i   Tf--i      j1.

i                       ,,11                     tt8                               `

=  [o - a  +  2tz,,  2o  +  a  - d,  -  2c  +  d]  with

C  =  ([7,  0,  i3], .[2, -1,  -2],  [2,  0,
t  "        'f   Check  whether-B  and  C  a-re  bases  for  M2  x  2(R)  and  R3  (R),

respectively, if yes, then find. matrirr-,,A ,.for L. with respect. to the given
bases 8  and  C. `                                        `r           ,     ,

(c)`     `:For the graphicfin gi.ven figure, 'Lse ordinary %k;ordinates to find the
FEE

new vertices  after performirirg¥ each indicated  operations. :     -

578&
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1.        (a)      Solve  the initial value problen|  :
•(fry  sin # cos #  + y2  Sin #) `dr  +  (sin2 # - fry cos #) dy  =  o, y(o)  =  3.

\
(a)       Solve  :

¢2  _  fty2)  `chc  +  2acy  dy  =  0.

(a)   ,    solve  :
.

xfty;fty'-_C2dy+tyyf2
'ty reduction  of order. 1-

2.        (a)      If the population of a Country double in 50 years, in how many years

will  lit  triple  under  the  assump.tion  that  the  rate  of increase  is

proportional. to the `number of inhabitants  ?
8

\
P..T.O..
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i,

.    (b)       A  metal  bar  at  a.  `tgmperatuie  of  100°F  is  placed  in, a  rooin  at  a
constant, temperature of OOF.  If after 20 .minutes the temperature of
the. bar is half, find an expression for the temperature of the ,b,ariat
any time.                                                                     `

(a)       Assume that the rate at which radioactive nuclei decay is proportional\

to the inber of nuclei in' the Sample.` h a certain sample |0%*x9`,f the.
original numbe-r of radioactive  nuclei have undergone  disintegration
in a period of 200 years. What percentage of ,the Original, rad.ioaetive
nuclei will remain after  1000  years  ?

3.        (a)       Show  that  e2#  and  e3#  are  linearly  independent  solutions  of.the

(a)

` differential equation  :                                                       ,.         .  i
1?.                      #-5%+6y=o..                  {                     .}`

Find the  particular solution. satisfying the initi_al  condition,

y(0)  =  0'. y'(0)  =  0.

Solve  the  differgntial  equation  using  the  method` of v.ariation  of
F      1,           tl                          '           ''                            -                                         -                                    .             '

parameters

J,    t=    ,"                      +    #+4y-tan2#.                      `

(c)       Find the.general solution of the differential equatibn` u`sing the method
of undetermined coefficients  :

`+

#-2%+y-#2e#.                                1\
4.        (a)       Use `operator method to find the general solution of the following linear

system :                                            .

#+2„#=e,

#+2-y=3ef.

I:`1



(3)
>--`

`  (a)  -    So,1ve  the  initial value  problem,  assuming #  >  0

#3#-#2#+2„=-2y=#3.

(c)       A mass of 3 kg i's  att.ached to the end of a spring that is  stre.tched
I.,,                   h

20 .cm by  a  force  of .15  N.  It  is  set in  inotion  with  initial .position

#o = 0 in and initial velocity I;o = ~10 in/s. Find- the amplitude, p.eriod
\

apd frequency of the  resulting .motiori.
5:       :(a)..,.   D.efine Carrying  capacity.  Derive.` the  logistic  equation  :

z   a            .#-r¥(1-f)
where  +  and  K  are  reprodu6'tion  rate  a`nd.  carrying  capacity

respe ctively.                t                                                    i

(6)       Suppose a soft drink manufarfuring company has a  1000 ,litre tank
containing sugar water solution. Initially so kg `of sugar is dissolved.

Sugar  solution floivs  into  the tank at the  rate  bf 10  litre/inin wi`th

concentration, a,j`7z(f)  kg/I.  Assume  that  the  -solution  in  the  tank  is-

thoroughly mixed and the sugar solution flows out at the same rate

at which it flows in i.e. the volume of sugar water mixt.ure in the tank
\

remains constant. Find a differential equation for the amount of sugar

in .the  tank  at  any time '£.  Also  solve  it.

(a)       Suppose 'a population can be modelled using the differential equation  :

4              ,                #=o.2#-o.ool#2
-bf   f,    .

3f

with tife Initial population size of #o =  100 at a time step of 1. Find

the predicted populatio.n after two months.

P.T.O.
/
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6.        (a) -The  giveh  differential  equation  :

5823

#-aN(1-# ' i
represents the. model for spread of technology where N(£) is the ndmber

1

of ranchers who adopted an improved pasture tee-hnology in Uruguay
and NT is the total population of ranchers. It is assumed inat rate`of
adoption  is  proportional to  both the  number who have  adopted 'the
technology arid the fraction  of population of ranchers who have not
adopted the  technology.

(Z)        Which t.erin coITesponds to the fraction of the population. who
have not yet adopted the improved pasture technology ?    .

(I.i)       According  to  the  Banks  (1994),  NT  =  17015,  ci  =  0.490  .and
No = 141. .Determine how long it takes for the improv?d .pasture

L.

technology. to  sriead to- 80%  of the  population.
``         (a)       Deri+e  t-he  epidemic model  of influenza

..         #---BS\,#--PSL-yl,#=yl

where  P `apd y  are..positive  constants.

r  .5823

(a)       Define equilibri-un points. Find, all equilib.rium points of predator-Prey

mode`l

#=Pix(1-=)-CixY,#=C2XY--Ch2Y

where the positive  cdnstants ci, c2, are int6raction parameter,  Ch2  is

predator per capita death trate and Pi is prey per capita birth rate.
Discuss the direction of trajectories  of Predator-Prey model.

4
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1.      (c})    Define .a groub.  Prove that in a group  G, left and right cancellation laws

hold true.

(a)    Show that the  set

G -([:   :],GeR,o±o)

is  a  group under matrix multiplication.

2+5.5

7.5

P.T.0.   .
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(c)    Describe  each symmetry in  D3  (the  set  of symmetries  of an  equi.lateral

triangle).  Also  construct  its  coresponding  Cayley table.                      3.5+4

2.      (c!)    Let G be an Abelian group and H, K be subgroups of G. Then prove that :

HK  =  {fafe ifa   €   H,  fa   €  K}

is.a  subgroup  of G. 7.5

(a)    Define order of an element in a group G. Find the order of each element

in  the  group  U(15)..

(c)     State  and prove  One-Step.Subgroup  Test.

2+5.5

2+5.5

3.       (a)     Define  a  cyclic  group.  Let   |c!|   =  30,  then  find  <cb26°>,  <cL17>,  <cE18>  and

|ci26|,    ]czl7|    and    |c}18|.

(Z,)     Let   c¥  =

1.5+3+3

Compute  each  of the  following  :

(!)        chB.

(Zf)     .Pcx

(Ziz)   o(or)   and  o(P). 2+2+3.5

(a).1   Let  G  =  S3  and  H  =  {(1),  (13)}.  Then  find  left  and  right  cosets  of H

inG. 7.5
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4.     ®    Let  G be  group  and  H  be  a  subgroup  of G.  Then  for  cE,  b€  G,  either

a      ciH=bHorciHr`bH=¢.                                                                                        7.5

(a)    Prove that the center Z(G) of a group G is a normal subgroup of G.  Let

H  =  {(1),  (12)}.  Is  H  normal  in  S3?                                                               4+3.5

(c)    Define  kernel  of a  group homomorphism a  :  G +  a.  Show that Her  ¢\

is  a  subgroup  of group  G.                                                                              1.5+6

5.      (c»)    Find the unity in the ring {0, 2, 4, 6, 8} under addition and multiplication

modulo  10.  In Z6,  show that 4 I 2  (4 divides 2)  aid in Z8, show that 3 I 7

(3  divides  7).                                                                                                                 2.5+5

(a)    Define  characteristic  of -a ring.  Prove  that  characteristic  of an  integl.al

domain is  either  `0'  or prime.                                                                      2.5+5

(c)     Show  that  eveiy non-zero  element  qf Z„  is  a  unit  or  a  zero  divisor.

7.5

6.      (tz)    Describe  the  factor  ring  Z/6Z.  Is  Z/6Z  a  field  ?  Justify.

(a)    Determine  all ring homomorphisms  from Z7a  to  itself.

(a)     Prove  that  the  only ideals  of a  field  F  are  {0}  and  F  itself.                 7.5

5874 3
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(b)  Test for the  convergence  of the  series  whose nth

term  is

IiTFTi-Iirii
71

(c)  Show  that  the  series

(-1yl+1
log(71 + 1)

is conditionally convergent.
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1.      (a)  Define  infimum  and  supremum  of a  set.  Find  the

infimum and supremum, if exist,  of the following

sets:

(i,  (2 + ::" € N).

(ii,  (¥: # = 2).

'

(b)  Let  F  be  an  Archimedean  ordered  field,  j4EF,          y`            .'

andw  €  F.Provethat#=sup4ifandonlyiffor      ``               t'

all  a  =  0'

(i)  for  all  #   €  ,4,  x  <  c!  +   €,  and

(ii)  there  exists  x   €  £4,  such  that  x  >  #  -   € .

(c) I)efine  a  field.  Prove  that  the  set   Z  of integers

with ordinary addition and multiplication is not a

field.

4765

is  not  convergent  by  using  the  Cauchy  criterion

for  convergence  of  series.

(c)  Determine  whether  the  Geometric  series

converges  or diverges.  Find the  sum  of the  series

if it  converges.

6.      (a)  State the Integral Test for convergence ofa series.

Use  it  to  show  that

diverges.

P.T.O.
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(c)  Find  the  limit  of the  sequence  {#„},  where  x„  is

given by

712

(i)  x" = dr

(ii) x7t  =
1+2+3+...+7t

7t2

5.      (a)  Prove  that  if  the  series   Zqu    converges,  then

fl:mcoan = 0. Give  an  example   of  a  divergent

series   such   that    £Lmcoan=0.What   do   you

conclude?

(b)  Show  that  the  Harmonic  series

'`

4765

2.      (a)   In   any   ordered  field  F,   prove   the   following.

properties:

(i)    -1#1  S A  S  1#1.

(ii)  max(x'   y)     =

x+y-l#-yl

#+y+l#-yl
and   min   (j»,   J,)

(b)  State  completeness  property  of an  ordered  field.

Prove that in a complete ordered field F, sup(4uB)

= max{sup j4, sup 8}, where A and 8 are bounded

above  subsets  of F.

(c)  (i)  Let

1#"=1+!+i+...+i-

for'  7t € N.   Show   that   the   sequence   {j*„}

P.T.O.
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converges.  Find its limit.

(ii)  Give  an  example  of sequences  {x„}  and  {}j„}

for Which  *Lmco %n  = Ot ,  but   ]T:nco Xnytt  ± 0.

3.      (a)  Define  the  convergence  of a  sequence.  Using  the

definition of convergence,  evaluate

3tt2 + 47t
fas-a   tt2 + 5
tim

Find   the  -value   of  the   natural   number   7?a   for

€   -0.01

(b)  Let  X  =  {#„}  and  y =  {};„}  be  sequences  of real

numbers  that  converge  to  x  and  )/,  respectively.

Prove  that  the   sequence  X  +   y  converges  to

I  +  J,.

(c)  Let  {x„}  be  a  sequence  of real  numbers  defined

4765

inductively by x]  =  J7  and

xn+1--JTF=,

for  all   71 € N..  Prove  that   {x„}   converges,   and

find its limit.

(a)  Prove  that

Jim  7L1/71  =  1.
7t+cO

(b) Define Cauchy sequence of real numbers. Further,

prove  that  the  sequence

tr7,, - (#)

is  a  Cauchy  sequence.

P.T.O.



Where  F  =  (x5  +  |0xy2z2)i  +  (y5  +  |0yx2z2)3  +

(z5 + |0z x2y2) fi , and S is the closed hemispherical

'surface   z=

5594

1_x2_y2    together  with  the  disc

x2  +  y2  i  1  in  xy-pl,ane  and  N  is  the  outward

unit normal vector field.

(3000)
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1.      (a)Let  f(x,,y)  =
x2 + y2

for  (x,y)  i  (0,0).  Find

the value of f(0,0) for which f(x,y) is continuous

at  (0'0).

(b)  Compute the slope of the tangent line to the graph

off(x,y)==:±ZlatP(1,-1,-2)inthedirection
Xy'

parallel to

`(i)  XZ plane

(ii)  YZ  plane.

(c)  Find  ¥  where  w  =  e2X-y+3Z2  and  x  =  r  +  s  _  t,

y=2r  -3s,  z  =  cos(rst).

5594

6.      (a) Evaluate  the  surface  integral

JTgds
S

where  g(x,y,z)  =  xz  +  2x2  ~  3xy.  and  S  is  that

portion of the plane 2x - 3y + z = 6 that lies over
the  unit  square  R:  2  <  x  <  3,  2 i y< 3.

(b)  Evaluate

¢(irfck+zdy+xde)

where.C  is the  curve  of intersection of the plane

x  +  z  =  1   and  the  ellipsoid  x2  +  2y2  +  z2  =o|,

oiiented counterclockwise.   `

(c)  Use  the ®divergence  theorem  to  evaluate

JJ F . N ds
S

P.T.O.



F=(ex siny-y)i+(ex cosy-x-2)3

is  conservativeJ and  bence  find  a  scalar potential

function  f for  F.

5594

(c) Verify  Green's  theorem for the  line  integral

§c(-ydx+xdy,

where  C  is  the  closed  path  shown  in  the  figure,

below

{-1,0)              Cr        {1,a)     X
pact c

5594

2.      (a)Let   f(x,y,z)   =   yex+Z   +   zey-X.   At   the   point
'P(2, 2,-2),  find  the  unit  vector  pointing  in  the

direction  of most rapid increase  of .f(x, y, z).

(b) Find all the critical points of f(x,y) = (x -1)fy-1)

(x +.y -` 1)  and .classify. each as  a point of relative

maximum, point of relative minimum or a saddle

point.

(c) Find the minimum value of the function I(x, y, z)
=  x2  +  y2  +  z2  subject  to  4x2  +  2y2  +  z2  =  4.

3.      (a)     (i)  Find the volume o,fthe  solid bounded below

by the. rectangle R in the xy-plane and above

by  the  graph  of z =  2x  +  3y;  R:  0  i  x  i  1',

0  i  y  =  2.

(ii)  E'valuat?   JOTey2 dydx.

(b)     (i)  Sketch  the  region  of  integrati.on  Can.d  write

P.T.O.
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an  equivalent  integral  with  the  order  of

integration reversed Jo4Jy#,x'y,dxdy.

(ii)  Use a double integral for finding the volume

of  the  solid  region  bounded  above  by  the

. parab.oloid  z  =  6  -2x2  -3y2  and  below'by

the  plane  z  =  0.

(c) Use a double integral to find the area bounded by

the .curve  r  =  1  +  sin 0.

4.      (a) Use cylindrical co-ordinates to compute the integral

ttTDz(x2 +y2)-I/2dxdydz   where   D   is.  the   solid

bounded  above  by  the  plane  z  =  2  and  bounded

below  by  the  surface°2z  =  x2  +  y2.

•   (b)     (i)  Compute the  iterated triple  integral

5594

Tol  /oy  /ohyez+2X dzdxdy.

(ii)  Evaluate  the  iterated integral

/ow/2/ow/4/ocosapp2sinapdpdodap..

(C)  Evaluate   jtRe(2y-X)/(y+2X) dA

where R is the trapezoid witi vertices (0,2), (1,0),

(4'0)  and  (0'8).

5.      (a) A  wire  has  the  shape  of the  curve

`ft        x=Jzsint      y=cost      z=cost    foro<t<7t

If the  wire  has  density  6(x, y, z)  =  xyz -at  each

point  (x., y, z),  what  is  its  mass?

a)  Show that  t`he  vector  field

P.T.O.
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1.         (cI)       Define  order of convergence  of a  sequence  tr7„}  which  converges.to  a

number p. The sequence generated by the formula #„ + 1 =
#: + 3%nq

3#: + a

converges  to   JJ.  Determine  the  order  of convergence  and  the

asymptotic error constant.

(I))       Perform four. iterations of Bisection inethod tot approximate the root
-   of the e.quation #4 - # -  10  =  0,  in the interval  (1,  2).

(c)       Explain geometrically the Newton's method to determine a root p  of

an  equatio.n ##)  =  0.  Hence,  using  initial  approximation po  =  2,

perform tw6 iterations to obtain approximation to the value of S`I7.

P.T.O.
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2.        (cb)       Use  Newton's  method  to  approximate  the  root  of  the  equation

ln(1  + #)  -  cos(#)  =  0,  in  the  interval  (0,  1).  Use  error tolerance  =

lord,  and  initial  approximation po  =  0.5.

(Z))       Define  a fixed p.oint of. a function.  Let g be  a continuous `function on

the closed interval  [a, Z)], with g :  [a,  a.] i  [¢,  b]. Furthermore, suppose

that g'  is  continuous  on the open inte'rval `(a,  a),  and there  exists  a

positive  constant  fa.  such  that   |g'¢)I   <  fa  <  1,   v#   €  (a,  .a).  Prove

that if g'®) ±  0,  then  for  any po  e  [a,  b],  the  sequence  {p„},  where

Pn= 8@7L _  1),  Converges  only  lineady  to -the  fixed  point p.

(c)       Perform four iterations of secant method to approximate the root of

#4 - .7#2  +  3  =. 0, in the. i`iterval (0,  1), using initial  approxin|ations

po  =  0  and pl  =  1.

3.         (a).      For the  following  system  of e.quations  :

8#  +  dy  +  2z  =  8,

6#+fry+2z=  11,                        ,

dr  +  fry  +  8z  =. 1,     -

starting with the initial approrimation as (0, 0, 0), using Gauss Jacobi

method,  find `approximate  solution by performing three iterations.

(a)       For the following system of equations  :

2Ou  + y  - '2z  =  17,

3#  +  2fty  - z  =  -18,

2# -  fry  -  20z.  =  25,
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starting with  initial  approximation  as  (0,  0,  0),  using  Gauss  Seidel

method, find the approximate solution by performing three iterations.

(c)       Find  the  LU  decdmjosition  by taking  z4z£  =  1  for  the  matrix .:

143

2`79

58T2

4..       (cE)       Cohstru-ct the Newton form of inteinolating polynomial for a function

f passing .through the points (0,  1), (1, 3) and (3, 55). Hence, evaluate
fl:2.5).

(a.)       Let .fl#)  = 1n(1  + #), #o =  1  and #i  =  1:1.  Use Lagrange interpolation

to calculate an approximate value for Ill.04) and obtain a bou.nd on
the  truncation  error  at # ,=  1.04.

(c)       Obtain the piecewise linear interpolating polynomial for the function

fl#)  defined by the data  :

#

1

2

4

8

EZIREtl

3

7

21

73

5.        (cz)       Derive  the  central  difference  approximation  to  the  second  order
derivative  of a function fat  a point #. =.#o       .

fn(xo)--
f (xo + h) - ?i (xo) + f (xo - h)

fa2

P.T.O..
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.           (a)      Verify that the  following difference  approximation

f'(xo)-- ?f (xo) -4f (xo -h) + f (xo -2h)
2A

5673

for the first order derivative provides the exact value of the derivative,

r;gardless of the values of fa, for the functions fl#) =  1, fl#)  = # and

fl#)  = #2,  brit not for the  function ##)  = #3.

(c)       By  usin,g  Trapezoidal  rule,  approximate  the  v.alue  of the  integral
3t(#+|p#)the.Further,ca|cu|atetheabsoluteerror,theoreticalerror

2

bound and  compare them.

6:        (a)       Define the degree of precision of a quadrature rule..Further,.:alculate

the  degree  of precision  of Simpson's rule.    .,

(a)      Use Euler's method to determine the approxinate solution of the initial

value problem y'(#) = ey3 - y, 0 < # < 2 Such that y(0) = 2, by taking

the.step  size  as  fa  =  1/2.

(c)       Use Modified Euler's method to  determine. the approximate  solution

of the initial value  problem  : y'(#)  =  3a; -y/#,  1  S # < `2,  such that

y(1)  =  2,  by taking the  step  size  as  fa  =  1/2.

.4
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(c)  Define  a  power  series.   Determine  the  radius  of

convergence  and exact iriterval  6f convergence of

the  power  series  Z:i (6,6)
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1.      (a)  Define supremum ofa non-empty bounded subset

ofR.

Let  S  be  a non-empty bounded above subset of R

and let  `a'   €  R,  such  that  a +  S  =  {a +  s:  s  E  S}.

Prove  that  Sup  (a  +  S)  =  a  +  Sup  S.

(b)  State  Archimedean  Property   of  real   numbers.

Show  that  if y  >  0,  then  there  exists  n  €  N  such

1
that  F =  y.

(c)  Define  a countable  and  an uncountable set.  Is  the

set  Q'  of irrational  numbers  uncountable?  Justify

your  answer. (6,6)

•1\                  r.
`.t`

'\
~.A

2677

X
(b)  Prove  that the sequence  {fn}  where   fn (X)=I==r.

x  €  R  converges  uniformly  on  R.

(c)  Find  the  upper  and  lower  Darboux  integrals  for

f(x)  =  x3  on  the  interval  [0, a].  Is  f integrable  on

[0,  a]?                                                                                   (6.5,6.5)

6.      (a)  State weierstrass M-Test for uniform convergence

of  series.  Hence,  show  that

1

rfu, v x € R

is uniformly  convergent.

(b)  Show  that  every  continuous  function  defined  on

[a, b]  is .Riemann  integrable.

P .`T . 0 .
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(ii)  Test  for  convergence  the  series :

(1, i + # + # + ---

11
+

(1og3)2     .    (|og4)3

+...

(6.5,6.5)

5.      (a)     (i)  Define   an   absolutely  convergent  series.   Is       1
/

every convergent series absolutely convergent?     +t

Justify  your  answer.

(ii)  Test  for  convergence  the  series:

11

(1,1 -i + ± -F + F ---

(2)   Z::=[(-1)n. e-n

2677

2.      (a)  Define the  convergence ofa sequence  (xn)  of real

numbers.   Using   the   definition,   evaluate   the

following limits :

(i)  £Lmcoffl -viir

(ii)  :1Lmco (#)

+^               (b)  Prove   that    |im  n£/w  =|.   Further,   evaluate
71 +cO

£]Lmco(nL/»2).

(c)  Prove that a converge'nt sequence of real numbers

is  bounded.   Is   the  converse  true?   Justify  your

answer. (6,6)

P.T.O.
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3.      (a)  State Monotone convergence Theorem.  Show that

the  sequence  (xn)  defined  by

#1=1;#n+i=/FFF,  Vn€JV   is   convergent.

Also,find„li+mcoftyl.

(b)  Define  subsequence   of  a  sequence   (xn)   of  real

numbers.

Prove   that   if  sequence   (xn)   of  real   numbers

converges    to    a   real    number   x,    then    any

subsequence  of  (xn)  also  converges  to  x.

(c)  State   Cauchy's   Convergence   Criterion   for

sequences  of  real  numbers.   Show  directly  from

the   definition  that  the  following  sequence  is   a

Cauchy  sequence:

(1

11+ -+ -+ ...
2!3! +).               (6.5,6.5,

•++.

+b

2677

4.      (a)  State and prove comparison test for positive term

series.   Hence,   show   that   the   following   series

converges  :

111 + ± + F + F + ...

(b)  Suppose  that  (xn)  is  a  sequence  of non-negative

real   numbers.   Prove   that   the   Series    Z:Xn

converges  if and  only  if the  sequence  S  =  (sk)  of

partial  sums  is  bounded.

(c)     (i)  State  (without proof)  D'Alembert's ratio test

for  an  infinite  series.

P.T.O.
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1.     (a)    Prove that a bounded function f'on  ha, b]  is integrable if and only if for
each  € > 0,  there  exists  8 > 0  .such that  :

mesh(`P) < 8 3 U(f,P-) -L(f, P) < €9

for  all  partitions  P  of [c!,  b].

(a)    Show that.if f is integrable on  [c!, b],-then  |f|  is integrable on  [cb, b], and

_Hence,  show  that  :

I:flsJ:,fl.

:2"ac#2Sin8(e#)dr|<±3

(c)    Show  that  every  ,continuous  function  on  [c4,  b]  is  integrable.  Is  the
J,

converse true? Justify.                                                                                      6

P.T.O.
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•2.      (c».    Let  f`(#) = #2,  #€[0, b].  Calculate upper and lower Darboux integrals for

ron  [0,  b].  Is fintegrable  on  [0,  b]  -?                                                            6.5

(a)    If g is a continuous function on  [c}, b]  that is .differentiable on (a, a) and

if g' is integrable  on  ha,  b],  then prove  that  :

Iba  € = g(b)-g(a).                                                    6.5

(c)    State  Intermediate  value  theorem  for  integrals.  Suppose  f and- g  are

ctbntinuous  functions  on  [cB,  b]  such that  I:  f = Jab  g . *Prove  that there

exists  #E[c[`,.b]   such that  f(#) = g(#).

3.     (a)    Show that  the function  P:R+ xR+ iR  given by  :

P(77?,"=/oL#m-1(1_#)"-LcZ#
\

is  a well-defined function.  Find the value ;f  B

6.5

(a)    Discuss the convergence or divergence of the following improper integrals :

®   ,12±dr

(€z)   t]cO#dr.

(a)    Let f be  a function  defined  on  [cb,  b]  such that for  each  # € (g, a), f is
\

bounded and integrable on  le, #]  and f has  an infinite. discontinuity at

a.  Show that if  I:|f|  converges,  then  go  does  I:f.       I
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4.     .(a`)~rf_S.io~;--that  a  sequence  (f„)  of functions  on  A E R  converges  uniformly

to f on A if and only if    f„ -f  Ai 0'.  Deduce that the  sequence  (fn)

where  f„(#) = #/7}  is  uniformly convergent  on  [0,1].                             6.5

(;)    Let  (f„)  be  a  sequence of bounded functions  on  A Err  that Converges

u-niformly  ap  a  function f on  A.  Show  th.at  the. function ; is  bounded

onA. 6.5|i

(a)    Discu:s  the uniform convcergence of-the  sequence  (fn)  on  [0,  1], where

fn(#)-= 7ure-7Z#2 -V# e [0, |].                                                           6.5

5.     (ci)    Show that the  series  of functio.n. I:=±±#± 0  converges unifondy

for  I # I S a  for some  c} > 0, but is not uniformly convergentT on R\{0}.  6.5

(a)    State  and  prove  Weierstrass  M-test  and  hence  examine  the  unifoiHi

convergence  of th.e  series  :

I:-1Sin(#)

(c)    Prove that the  series  :

foi.   # E[-cb, cE],  for  all  cE  >  o.

co    cos(#2+1)

represents  a  continuous  function  on R.

6.5

.6.5

.P.T.O.
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6.      (cb)    Let  I:=o  cb„#"  be  a  power  series  with  radius  of convTargence+~EL  >  0

(possibly  R = + co). If there exists a real number Ri, such that  0 < R.1 < R ,

then  show  that  the  power  series  Z:=o  cI„#"  is  convergent  uniformly

on  [-Ri,  Ri].                                                                                                           6

(ZJ)    Let  f(#)= I:=o  o7z#"   be  a  power  series  with  radius  of convergence

R > 0. Then show that the function f is integrable on (-R, R). Also, show

that  for  #\E (-R, R),  we have  :

To#f(MZ = I:=o # #"+1.                                         6

(c)    Find the  exact interval  of _convergen.ce .of the  following power  series    :

•z,   I:=1£

("   I;-1##"

1351
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(c)  Let T:  P£ (HR) + P3 (R) be a linear transformation
defined by

T(a + bx + cx2) = (a -c) + (a -c)x + (b -a)x2 + (c -b)x3.

Find nullspace  N(T)  and  range  space  R(T).  Also

verify Rank-Nullity theorem.                            (6,6,6)

6.      (a) Let v and w be finite-dimensional vector spaces
having ordered bases P and y respectively, and let
T: V i W be linear. Then for each u  €  V, show
that

[T(u,]y -  [T];[u]p.

(b) Let   V,   W   and  Z   be   vector   spaces   and   let
T:   V   i   W   and   U:   W   i   Z   be   linear
transformations.  Then prove that

(i)  If UT  is  one-to-one,  then T  is  one-to-orie.

(ii)  If UT  is  onto,  then  U  is  onto.

(cHetA=[::]andletp={(:),(;)}beanordered

basis for HR2. Find [LA]p and also find an invertible

matrix  Q  such  that  [LA]p  =  Q-]AQ.  where  LA  is

a left~multiplication transformation.

(6.5,6.5,  6.5}

(100)
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that  the  idempotents  form  a  subring.             (6.6.6}

P.T.O.



1352

2.      {a)  Define  prime  ideal  of a  commutative  ring.  Let  R

be  a  commutative  ring  with  unity  and  A  be  an
ideal  of  R.  Then,  show  that  R/A  is  an  integral
domain  if and only  if A  is  prime  ideal  of R.

(b)Showthat#isafield+

(c)  Define   subring  of  a   ring.   Let   R  be  the  ring
of  continuous  functions  from  R  to  R.  Let  A  =

{i` €  R :  f(0)  is  an  even  integer}.  Show  that  A  is
a  subring  of R,  but  not  an  ideal  of R.

(6.5,6.5,6.5)

3.      (a)  Define  a  ring homomorphism  from  a  ring  R to  a
ring  S.  Determine  all  ring  homomorphisms  from

Z,`  to   Z,8.

(b)  Let   R  be  a  ring  with  unity   1.   Prove  that  the
mapping ¢:  Z i  R given by S(n) = n.  I  is a ring
homomorpliism.   Hence,   show   that   if  R  has
characteristic  n  >  0,  then  R  contains  a  subring
isoinorphic  to  Zn.

(c)  Let  Z[Ji]={a+bJi:a,bez}  and

H={(:3ab):a,b€Z}.showthatz[J5]andH

ai-e  isomorphic  as  rings.                                        (6,6,6)

1352

4.      (a)    (i)  Let cbeacollectionofsubspaces ofavector
space V and let W denote the intersection of

subspaces in €. Prove that VP is a subspace
ofV.

(ii)   Show  that  W  =  {(a„ a2, a3)-  €  HR3  :  2a,  +  a2
+  a3  =  0}  is  a  subspace  of R3.

(b)     (i)  Let S] and S2 are arbitrary subsets of a vector
space  V.  If  St  I  S2,  then  show  that  span

(S])   E  Span(S2).

(ii)  Check whether the vectors (1,0,0), {1,0,1) and
(1,1,1)  generate  R3.

(c) Define  a  linearly independent  subset  of a  vector
space  V.  Let  5  be  a  linearly  independent  subset
of a  vector  space  V,  and  let  v  be  a  vector  in  V
that  is  not  in  S.  Prove  that  S  u  {v}  is  linearly
dapendent  if and  only  if v  e  span (S).

(6.5,6.5,6.5)

5.     (a) Let V and W be vector spaces and T: V i W be
a  linear transformation.  Then prove that  the null
space   N(T)   and   the   range   space   R(T)   are
subspaces  off and  W,  respectively.

(b) Let  T:  ER2  i  R3  be  defined  by  T(x„  x2)  =  (x]  -
X2,  x„  2x[  +  x2).  Let  P  be  the  standard  ordered
basis  for R2  and y =  {(1,1,0),  (0,1,1),  (2,2,3)}  be

an  ordered  basis  for  R3.  Compute  [T]yp.

P.T.O.
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2.   All questions carry equal marks.
3.   Attempt any two parts from each question.

1.   (a) Define uniform convergence for sequence of functions G7,) defined on R. Show that a sequence

0:7,) of bounded functions on A E. R converges uniformly on A to f if and only if I |f„ -f| |A i 0.
nx

(b) Show that the sequence f7,(#) = ==:;:;;g converges uniformly in the interval [a, co) where a > 0
but it does not converge uniformly on the interval [0, co).

(c) Let tr7[), (g72) be sequences of bounded functions on A that converge uniformly on A to f,g,
respectively. Show that trng7t) converges uniformly on A to fg.

2.   (a) Let f72(X): [0,1] + R be defined for 712 2 by

nzx              f or o<TX<_i
71

fn(x)..- -tt2(x-:)  for 12-<#S-
7L7t

2
0               f or. ~n<_X<-1

Evaluate ,pointwise limit f of f7t and show that 07|,). does not converge uniformly to f .on the interval

[0,1].

a) Let 0:7,) be a sequence of integrable functions on [CL, Z7] and suppose that Cf72) converges
uniformly to f on [ci, b] . Show that f is integrable on [a, b] and

/ab/=*lLmco/ab/n.

(c)  Show that the sequence /7t(#) = 712.#2e~"#  converges quiformly on  [cz,co)  where  ci >       0  but
does not converge uniformly on the interval [0, co).



3.   (a) State and prove Weierstrass M-test for uniform convergence of series of functions.

Hence,checkforuniformconvergenceofseriesz::=i±,#€R.

a)Discussthepointwiseconvergenceoftheseriesz#=£#,#20.Also,show
that the given series is not unifomly convergent on [0,I) but is uniformly
convergenton[0,:),

(c) Prove that if I: fn converges uniformly to f  on a domain D £ R and each /„ is
continuous on D E R to R  then / is continuous on D.

4.   (a) Let f„ be a real valued function on [cz, b] that has derivative # on [cz, b] for each
7} E N. Suppose that the series Z f7, converges for at least one point of [cl, b] and
the series of derivatives I f„' converges uniformly on [ci, b]. Show that there exists
a real valued function f on [cl, b] such that Z f7, converges uniformly to / on
[a, b] . Also, that f has a derivative on [a, b] and f ' =  I f7,'`.

a) State and prove the Cauchy criterion for the unifom convergence of series of

functiouszf„.Useittoprovethenonuniformconvergenceofz%=[±for|#|<1.

(c)Provethattheseriesz%=i±isconvergentforx>1anddivergentfor
`0 S x S 1. Also, show that the series converges, uniformly on [a, co), a > 1.

371
5.   (a) (i) Find the exact interval of convergence for the power series Z:=i an #" where cz„ = ;I; .

(ii) Let f(#) = |x| for # €  R. Isr there a power series Zg=o a„#tt such that f (x) =
Z#=o a7,#" for all # ? Justify.

(b) Let Zg=o an#" be a power series with radius of convergence Z} > 0. If 0 < R£ < A, then show
that the power series converges uniformly on [-Ri, Ri] to a continuous function.

(c)Showthatarctan#=Z%=o{==::#2n+£for|#|<1.ApplyAbel'stheoremtoshowthat:=1-,

:+ :-:+-. .
6.  (a) Define logarithm function i on (0, co). Show that the function I satisfies the following:

(i, I,(x, = : for % = 0.

(ii)I(dy) = i(#) + L07) forx > 0,y > o.                                                             ,

(b)Showthatzg=itt%n=E=for|X|<1.Evaluntezg=i#.

(c) Show that there does not exist a sequence of polynomials converging uniformly on  R to  /(#) =
€#.
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(c)  Prove  that  in  a ring R with unity  1,

(i)  if 1  ha.s infinite  order under addition, then
the  characteristic  of R  is  0,

(ii)  if 1  has  finite order. n un.der addition, then
the  characteristic  of R  is  n.

.  Henc`e   br   otherwise`  state   the   characteristics   of
the  rings  z,  M2(Z)  and`Z3[i.].       `

6.      (a)  State the  ideal  test.  Let R be  a  commutative ring
with unity and let a  € R. Then verify that the sets.
I  i   {ra I r  €  R]  and  a  =  tar I r  €  R)  are  ideals
ofR.

[This  question paper  contains  4 printed Pages.]
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(b)  Let  dy:  R  +  S  be  a  ring  homomorphism.  Prove
that :

(i)   dy(nr)  =  ndy(r)   and   dy(rn)   =   (dy(r))n  for   any
r € R and  any  positive  integer  n.

(ii)  ¢(R)  is  commutative  if R is  commutative.

(c)  Prove that every ring homomorphism dy from Zn to
itself has the form 4(x) = ax,  where a2 = a. Also,
find ,Kerb.

(2500)

1.      Write your Roll No. on the top immediately on receipt
of thi.s  question paper.

2.      All  the  six  questions~  are  compulsoryi

.3.      Attempt  any  two  parts  from  ea.ch  question.

4.      Each  part  carries  7.5  marks.

5.      Use  of calculator  not, allowed.

1.      (a) Define.  SL(2,   F)   and  find  the   inverse   of  the

element   [:    :]   in  SL(2,Z5).

P.T.O.
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(b) :hees:rofrbreestphoen:rnmgmce:;£[eesy °TTa;res.quare.  Construct               (

(c)  Prove that the  s.et  G=

group Tunder matrix multiplication.

2.      (a)  IfH a.ndK are subgroups ofa group  G_,  show that

H  r`  K  is  a..subgroup  of  G.  What  can  you  say
about  H u K?  Justify.

(b)  Let  G  be  a  group.  Then prove  that:  c(a)  =  c(a-t)
V  a  €  G,  where  c(a)  is  the  centralizer  of Ch in  G.

(c)  Prov.e  that the  center  of a  g,roup  G  is  a  subgroup
•of G.  Find  the  center  of the  group  D4.  Jpstify.

3.      (a) Define   a  cyc.lic   group..   Find  an  example   of  a

noncyclic  group,  all  of whose  proper  subgroups
.    are  cyclic.  Justify  your  answer.

(b)  Let
234567

345178

2    3    4   5    6    7

387652

5106

Write  Ci,,  a  and  orp  as  product  of  disjoint  cycle

and  al.So  find  P-I,.

(c)  State .the  Lagrange's  Theorem.  Let  |G.I  =  60,  then
what  are  the  possible  orders  for.subgroups.of G.

4.      (a) LetHbe a subgroup ofa group G, then show that

either  orH  =  bH  or  orH  .  bH  =  dy  for  every  Ci,,  b

€   G.  Also,  find  all  the  left  cosets  of  {1,11}   in
`       U(30).

(b)  Define  the  factor  grot|p.  Also,  let  G  =  Z24,  then
find the order of the element 14+<8> 'in the factor

gr.OuP  Z24/<82.

(c)  Consider  the  map  f:  Z  +  Zn  defined  by  f(in)  =
mmodn.   Show  that  f .is.  a  homomorphism.  Also,

find  the  Kerf.

5.      (a)  Show  that  the  set  Z[X]  of all  polynomials  in  the

variable X with integer coefficients under addition
'and multiplication is a commu.tative ring with unity

•   f(x)  -   1.

(b).'State  the  subring  test.  Prove.that  in  a ring R,  the
set  {x  e  R I orx  =  xor  for  all  Ch  €  R}  i.s  a  subring

of R.  Find  all  the  subrings  of the  ring  Z.

P.T.O.
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(b)  Let G be a group  of order  12. Prove that either G
has a normal Sylow 3-subgroup or G is `isomorphic

•\

to  alternating  group  A4.

(c)  State. Sy.Io.w's  first  theorem.  Let  G be  a  group  of
order  77.  Prove  that  G  has   a`  normal  Sylow  7-

subgrotip   and   a   normal   Sy.low   11-subgroup.

Further`,  prove  that  G  is  cyclic.           ,     ,

5,      (a)  State   and  prove   the   Index   theorem.   U`se   this
theorem to  show that there is  no  simple  group  of
order  21.6.

(b), Let G be  a finite group,  and let p be the smallest
•    prime dividing the order of G. Prove that if G has

a  subgroup  of index p,  then  it  must  be  a no.imal
Subgroup   of  G9   Is   it  always   true  that  G  has   a

'      subgroup  ofindexp?  Justify.     ,.

(c)  Prove  that no  simple  group  has `order pqr,  where
p,  q  and  r  are  distinct  primes.

.6.      (a)  Prove  that  a  group  G  is  solvable  if  an'd  only  if
G(n) =  {e}  for  some positive  integer n,  where  G(n)

is  the  nth  derived  .subg.roup  of G.

(b)  Find a composition series for the symmetri.c group
S4..                                                                                        .`

(c)  Prove  that  any finite  p-group. is  nilpotent.

•   (3000)
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1:      Write your Roll No. on the top immediately on receipt
of t.his ,question paper.

2.      All questions are compulsory and are of.15 marks each.

3.      Attempt any five parts from Question  1. Each part is
of  3  marks.

4..     Attempt any two parts  from each of the  Questions  2
to  6.  Each  part  is  of  7.5  marks.

1.         (i)   Prove  that  the  left  regul.ar ,actio`n  of a  group  G
on  itself is  a faithful  action.

(ii)   Prove that th.e kernel of an action- of a group  G
.on  a  se.t  A  is  a  normal  subgroTp  of G.

(i.ii)`    Let a be  an in-cycle  i.n the  `symmetric Jgroup  Sn..
Find  |Csn(a)I,, the  order  of  centralizer  of  a.
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(iv)   Is  a  group  of order 210  simple?  Justify.

(v)   Define  commritator  subgrQup  G'  of a  group  G.
Prove  that  G'  is  horinal  in  G.

(vi)   Prove    that   the   center   of   a   group.   is    a
characteristic  subgroup.

(vii)   Define a s'olvable group. Pr'ove that every abelian
.group is  solvable:

2.      (a) For a group  G, -consider the mapping G x G +  G

give-n  by  g.a.  =  gag-I.  Prove  'that  this  defines  a
group  action  of G  on i`tself.  Also,  find the 'kernel
of this .action and the  ;tabilizer  Gx of an  element
x€G.

(b)  Let  G = D8  be  the  dihedral  group  of order  8  and
let  A =  .{1,.r, r2, r3},  where  r  denotes  a  clockwise

rotation  of the  square  by  Z   radians.  Sh.ow  that
Jthe  normalizer  ND8  (A).  =- D8. and  the  centralizer

CDBJ`A:)  -  A.

(c) Let p be a ,prime number and let G be a group 'of
order  Pa  for  some   Ch  2   1.   Prove  that  G  has   a
nontrivial  center  Z(G)'. ,Ded`uce  that  every .group
of order  p2  is  ab.elian.

3.      (a)  Let  the  symmetric  group  Sn  act  on  the  set.  A  =

{1,  i .....,  'fi}   by   'Ch.a  =   d(a),   V   Ch    €    Sn   a    e   A.

Prove  that  this `action  is  transitive.

5514
(I

(b)  Let the dihedral group D8 act via its natural action
on the set A =  {1,2,3,4}  consisting of four vertices

of  a   square.   Label   these  vertices  `1,2,3,4   in  a

clockwise  direction.  Let  r  be  the  rotation  of .the

square   clockwise  by   Z   radians   and  s   be  the

reflection in the line which passes throug/h vertices
1  and 3. Find the stabilizer of all the four vertices

of  square ..,.

(c).Let  G  be  a  finite  group  and  let  g], g2 ,.......  gr  be
representatives  of the  distinct  conjugacy  classes
of G not contained in the centre Z(G.)  of G.  Then

pr,ove  the  class  eqtlation:

|G|. =  |Z(a.)I  +.  Z]:=]|G: CG(gi)I ,  where  CG(.g{)   is

the  centralizer  of the  element  g]  in  G.  Verify the

class  eduatiofi  for  the  symmetric  group  S3.

4,      (a)  Let G be a finite\ group and p be  a prime  dividing
the  order  of G.  Let  P  be  a`Sylow  p-subgroup  of

9,   aiid  le,t  np  denote  the  number  of  Sy.low  p-
subgroups  of G..  Assume  that  G  acts  transitively

on the ,set of i`ts Sylow p-subgroups by conjugation.

(i)  Describe  the  orbit  of P  under, this  action.

(ii)  Show  that  np,=  |G :  NG(P)I,  Where  NG(P)
denotes  the  hormalizer  of P  in  G.

P.T.O.
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(ii)  Let   T   be   a   linear   .operator   on   a   finite

dimensional icomplex inner product space V.

Show  that  T  is  unitary  if  and  only  if T  is.

normal and |^| =  1  for every eigen value A of

T. (2+5.5)

(3000)
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1.      (a)  Let  T  be  a  li_near  b|)erator  on  R2  defined  as

T(:)=(:a-+3:).

For    the    ordered    basis

p,-((:),(;))

p=((:),(:))    and

of   R2,    find    th.e    change   .of

coordinate  matrix  Q  that  changes  P'-coordinates

into  P-coordinates.. Also,  verify that
4`

`,     .[T]p, =Q-,[T]p'Q.
(2.`5+5)

I

(b) Let  V  = P,(R)  and  for  p(x)  €  V,  let  fi,  f2  €  V+

be  defined  as

fl(p(x,,=Jolp(t,dt

(c) Find  the,  best  fit  linear  function  for  the  data

{(-3,.9), (-2,6), (0,2),  (1,1)} using the least squares

approximation.  Also,  compute `the  error  E.

(5+2.5)

6.      (.a) Let  T  be  a  normal  operator  defined  on  a  finite

dim6nsional  real  inner  product  space  V  whose

characteristic  polynomial   splits:   Prove  that  V

has   an  orthonormal  basis   of  eigen  vectors   of

T.  Hence  prove' that  T. is  self-adjoint.

(5+2.5)

(b) For  the  following  matrix  A,  find  an  orthogonal

matrix  P   and  a  diagonal  matrix  D   such  t.hat

I.  PtAP   -  D.

A=(;`:).

(c)     (i)  State  the  Spectral  theorem.

(7.5)

P.T.O.
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(c)  Let   W   =   span   ({(i,  0,1)})   in   C3.   Find   tlie

orthonormal  bases  for  w  and  wJ-i                   (7.5)

5.      (a) Let  V  =  P(R)  with  the  inner.product  defined  as
\

(f(x),g(x))=|;f(t)g(t)dt,Vf(x),g(x)€V.

Find   the   orthogonal  projection   of  the.  vector,

h(x)  = 4 +  3x -2x2  on  the  subspace  W = P,(R).
-(7.5)

(b)     (i)  Let V be  a  finite  dimensional  inner product

space  and  f}  be  an  orthonormal  basis  for  V.

If T  is  a  linear  operator  on,V,  show  that

[T*]p  -  ([T]p,*.

(ii)  For the inner product space V = C2 and linear

operator

.  T(Z,, Z2)  =  (2Z,  +  iz2,  (1 -i)Z,),

evaluate  T'  at  z  =  (3-i,1+2i).       (4.5+3)

and..      f2(p(x))=to2p(t)dt.

Prove  that   {f], f2}   is  a  basis  for  V'  and  find  a

basis  of V  for which  it  is  the  dual  basis.

(3+4.5)

5554

•(c)  Let V  be \finite  dimensional vector space.  Define

the  annihilator  S°  of a  subset  S  of V  and  prove

that  S°  is  a  subspace  of  V*.  If .W]  and  W2  ale

subspace's  of V,  prove  that

'z                      (Wi +W2)0  =   W]°nw2°.               (3.5+4)

2.      (a)Let   A= EM2x2(C).   Determine   all   gig.en

values- of A and for each eigen value, A of A, find

the  set of eigeil vectors corresponding to A. Also,

find  a. basis  for  C2  consisting  of eigenvectors  of

A. (2.5+5)

P.T.O.
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(b)  Let  T `be  a  linea.r\  operator  on  P2(R)  de`fined. as

T(f(x))  =  f(0)  +  f(1)(x+x2).

5554

Test, the linear operator T for diagonalizability. If

T is diagonal izable, then find a basis a  for V such

that  [T]p  i§.a  diagonal  matrix.                         (2.5+5)

(c)  Le,t  T  be  a  diagonalizabl.e  linear  operator  on  a

finite diinensional vector Space V and ^[, ^2 ,...... fu

be  the  distinct   eigen  values   of  T.   Prove  that

V=E^[  © E^2  ....... © E^k ,  where  E^£  is  the  eigen

space  of ^j,  for  all  i.                                                 (7.5)

3.      .(.a)  Let  T  be  a  linear  operator  o,n  the  Vector  space'

V  =  R4  defined  as

T(a, b, c, d)`  =  (a + b,  b -c,   a +.c,   a + d)

Find an ordered ba-sis of the T-cyclic .subspace W

of  V   generated   by   z   =   e].   Also,   find   the

characteristic  polynomial  of Tw.                    (.3+4:5)

I|(, rl  +I

j    `  ,t`

(b)  Let  `T  be  a  linear  operator  defihed  on  a  finite

dimensi,onal   vector   stpace   V.   Prove   that   the

charaoteristic   polynomial   and   the   minimal

.    polynomial  ofT  have  the  same  zeros.            (7.5)

-   (c)  Let T be a linear operator on V = Mnxn(R) defined

;s T(A)  = At.  Find the minimal polynomial of T.

Hence  show  that  T  is  diagopalizab|e.              (7.5)

I

4.      (a) Let  V  be  an  inner produ.ct  space,  prove  that  the

`  follo.wing inequality holds

I(x,y)I S ||x|| ||y||,   for  all  x, y   e   V.

Also, verify that the inequality holds for x = (1, 2i,

1   +  i),  y  =.(5  +  i.,1,2)  in  c3`.                            (.5+2'.5)

(b) Let V be  an  inner product  space  and  let  S  be  an

orthogonal  subset  of  V  consisting  of  nonzero

vectors.  Prove  that  S  is  linearly  independent.

(7.5)

P.T.O.
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1.      (ci)    (D     Sketchtheset  s={zec  lzls1,-Zsarg:SZ}.

(Zz.)    Under  the  map `#z)  = z2,  draw  the  image  of theo set  :

S = {z  e  c:  |zl  =  1,  -=   S  arg  z  s  =}..

(a)    Under the  map flz)  = ez  draw the  image  of the  rectangular region

R={z=#+£ay€C:1s#s2,-:<ys£}.

4.5

7.5

P.T.O.
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(c)     Does  |im
2'io

exist  ?  Justify your  answer.

5574

7.5

2.      (cE)    Show  that  the  function  f(z)=Z  is  nowhere  differentiable  on  c.         7.5

(a)    (i)     Giving  proper  justification,  write  two  differences  between  the
functions  :                                                                                                               3.5

f(%) = e*,  % €  R   and   f(2f)=ez,  z  €  C

(Z£)    Solve  the  equation  eJZ  =  -2.

(c)    Find  out  the  values  of sin-12. 7.5

3.      (cI)    .(i)     Let  a  function f be  integrable  along  a  contour  C.  Prove  that  : 3.5

J_.c f(z)de  =  -Jc f(2;)de.

(ZZ)    Define a simple  arc.  Give an example to explain that a same  set of

points  may represent  different  arcs.                                                       4

(a)    Let C be any simple closed c°ontour, described in the positive sense in th;

z  plane,  then  compute  the value  of the integral  :

s3 + 2s

(i)     when zo  is  inside  C,  and

(£j)    when zo  is  outside  C.

ds,

7.5

(c)     (i)     Let zu(i) be  a piecewise continuous  complex valued function defined

on  an  interval  ci  S  £  <  a,  then  show  that  :

t¢bzu¢)d€|sLb|ow(£)|d£.

3.5
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(ZZ)    Let  C  be  the  arc  ;f  the  circle   |z| = 2   such  that   0  S  C!r8Z  <  Z.

Show  that  :                                                                                                      4

:i-:--:--±i-(.I?i

4,.      (ci)    State  and  prove  Cauchy  integral  formula. 7.5

(a)    Let f be  ari  entire  function  such  that  |f(z)I  s;A|z|  for  all z,  where  A is
a  fixed  positive  number.  Show  that  #z)  =  bz,  where  a  is  a  complex
constant.                                                                                                                       7. 5

(c)    (i)     Evaluate the following integral along the line segment,  say L, from

Oto7T+2Z   :                                                                                                                                            3.5

cos;(a / I)de .

(ZZ)    Evaluate  the  following  integral  :

zdz
(9 -z2) (z + i)'

where  C  is  the  positively  oriented  circle  |2;I .= 2 .

5.      (a)    State Laurent's series theorem.  Give two series expansions in powers of

z  for  the  function  f(Z)==  specifving  the  regions  in  which  those

expansions  are  valid.                                                                                           7.5

(a)    If a  power  series  I:=oon (z-zo)"   converges  when  z = z](z].±zo),   then

prove that it is  absolutely convergent  at each point z in the open  disk

|Z-Zo|<RL   where  Ri  =   |Z]-Sol.                                                                                  7.5

P.T.O.
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(c)    Define residue. Evaluate the residue of the function  f(2;) = =  and use

ittofindtheintegral/c=de,wherecisthepositivelyorientedunit

circle   |z| = 1.                                                                                                                           7.5

6.      (cl)    Define an isolated singular point. For the below given functions, find the

isolated singular point and determine whether it is a removable singular

point,  an  essential  singular.point,  or  a pole  :

(''`'`)
(2, - 1)2  .

5574

7.5

(a)    Let zo be an isolated. singular point of a function f. Then show that the

following two  statements  are  equivalent  :

(Z)      zo  is  a  pole  of order  in(77?  =  1,  2 ,...... )  of f;

(££)   Az) can be written in the form  f (?) =

and  non-zero  at zo.
Further,  establish that

Tires f (a) =
Z=ZO

where   apt°'  = ap .

ap(in-1)(2,o)

(in - 1) !

ap(z)

(z -zo)in
where  ap(z)  is analytic

when  in  =  1,  2,  3 ,..........

(a)    Using  residues,  evaluate  the  following integral  :

do
5 + 4 sin 0

cZ©.
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(c)  Determine the residue of the below given complex

functions  at  z  =  0

sin hz

cotz(ii) T (3+3-6)

(d)  Define singular point and isolated singular point of

a  complex  function.  Consider  the  function

f(z)= sinz

(z-1)3(z+2)

Identify  all  isolated  singularities  of the  function

f(z).                                                                            (3+3-6)
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1.      (a)  Find  and  sketch  the  image  of each  branch  of the

hyperbola   x2   -   y2   =   c,   c   >   0   under   the

transformation  w  =  z2.

(b)  Prove  that  (i)   1ilp±=0   (ii)   1im
z2+1

z->o   z                       zico  z-1
__cO

(6)

(3+3)

(c)  Prove  that if f'(z)  =  0  everywhere  in  a domain D,

then  f(z)  must  be  constant  throughout  D.          (6)

(d)  Show that the function f(z) = cosh x c,os y + i sinh

x  sin  y  is  entire.                                                               (6)

2.      (a)     (i)  Find  all  values  of z  such  that  ez  =  -2.

(ii)   Show that if ez is real, then Im z = n7i, n € Z.

(3+3.5)

(b)  Show  that  sin z  =  0  if and  only  if z  = n7[,  n € Z.

(6.5)

1353

(c)  If a  series   Z::=oan(z-zo)n   converges  to  f(z)  at

all points interio.r to  some circle  |z -zo|  = R,  then

prove  that  it  is  the  Taylor  series  for the  function

f(z)  in  powers  of z  -  zo.

(d) Prove  that  when

z±0,fl=|-i+=-i+...
z4             z2        3!        5!        7!

(6.5)

(6.5)

.i
A      6.      (a)  Prove   that  if  a  sequence   of  complex  numbers

converges,  then  its  nth  term  converges  to  zero  as

n  +  oo.  is  the  converse  true?  Justify.                (6)

(b)  Derive   the   Laurent   series   expansion   for  the

1

function   f(z)   =    e;    and   hence   show   that

Jrefdz=2ITi,whererisanypositivelyoriented

simple  closed  contour around  the  or.igin.

(3+3-6)

P.T.O.
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(ii,  Jc ±dr

where C is the unit circle |z| =  1  in either direction.

(1.5+2.5+2.5=6.5)

(c)  Show that if f is  analytic  at a given point then its
derivatives  of all  higher orders  are  analytic  there

too.                                                                                                  (6.5)

(d)  State  and  prove  fundamental  theorem  of algebra.

(6.5)

5.       (a)  Suppo.se thatthe sequence (zn), Where zn=Xn+ iyn,

n =  1,2 ,...  and z = x + iy then Prove that limn+cozn

=  Z  e  li.inn+coxn =  X  and  limn+coyn =  y,  and hence

check   the   convergence   behavior   of  complex

2
sequence  zn  =   F  .+  5i,  (n= 1,2 ,... ).

(3.5+3-6.5)

(b)  Find  Maclaurin  series  representation  of  f(z)   =
cosh z.                                                                                        (6.5)

1353

(c)  Show  that

(i)  Log [(1  + i)2]   =  2  Log (1  + i)

(ii)  Log [(-1  + i)2]   ±  2   Log (-1 + i).

(d)  Show  that

(i)   log e  =   1   +  2n7ti,  n  €  Z.

(ii)  log i  -

(3+3.5)

7ti,    n  €  Z.                    (3+3.5)

3.      (a)  Let  w(t)   =  u(t)   +  i  v(t)  be   a   complex-valued

function  of  a  real  parameter  t.

(i)  Define  the  definite  integral  of  w(t)  over

a  i  t  S  b  and  evaluate

J12(:-i)2dt.

P.T.O.
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(ii)   Show   that  if  w(t)   denotes   a  continuous

function  on  [-a, a]  which  is  even;  that  is,

w(-t)  =  w(t)  for  each  point  t  in  [-a, a],

then

t_aaw(t)dt=2toaw(t)dt. (3+3)

(b)  What  do  you  mean  by  differentiable  arc  and  its

length?  Show  that  the  length  of an  arc  C  remain

invariant  under  change  in  the  representation  for

C.                                                                               (2+4-6)

(c)  Let  f(z)  =  7[  exp(7tz)  and  C  be  the  boundary  of

the square with vertices at the points 0,1,1  + i and

i, the orientation of C being the counter clockwise

direction.  Using  parametric  representation  of  C,

evaluate   Jcf(Z)dz. (6)

'r,

/)

•`h
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(d)  Without  evaluating  the  integral,  show  that

<£
7

where   C  is  the  arc  of  the  circle   |z|  =  2   from

z  =  2  to  z  =  2i  that  lies  in  the  first  quadrant.

(6)

4.      (a)  Use  the  method  of  antiderivatives  to  show  that

for  every  contour  C  extending  from  a  point  z] to

Z2'

zB+1_zLn+1

n+1
for  each  n= 0,1,2 ,...

State  the  corresponding  result  used.

(4.5+2-6.5)

(b)  S.tate   Cauchy   Goursat's   theorem   and   hence

evaluate

(i)   JCLog(z+2) dz

P.T.O.
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(b)  Find the  optimal  strategies  for both player A  and
8  and  value  of the  game  whose  payoff matrix  is

given below.

81 82

Al 1 -3

A2 3 5

A3 -1 6

A4 4 1

A5 2 2

A6 -5 0

(c)  Solve the following  system  of equations by using
Simplex method :

xl  +  X2  -   1

2Xi  +  X2  =  3.

(100)
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(b)  Sketch  the  feasible  region  of  the  given  linear
programming problem  and hence find its  optimal
solution

Max Z = 3#i + X2
s-t,     -#1+2#2SO

#2S4
#1'X2 2 0.

(c)  Reduce  2a]  +  3a2  +  a3  =  b  to   a  Basic  Feasible

Solution, if

a]  =  [2,3],  a2  =  [1,1],  a3  =  [4,5]  and  b  =  [11,14].

Name  the  basic  and  non-basic  variables  in  the

reduced  Basic  Feasible  Solution.

2.      (a)  Apply  Two-phase  method  to  find  the  solution  of

the following linear programming Problem :

Min Z = 5#i + 11#2
S.t.     2Xi+    #2S4

3Xi + 4X2 2 24
2Xi - 3X2 2 6
•       #1,#220.

1360

DepOts

Factories Dl D2 D3 D4 Capacity(tons)

R1 5 7 13 10 700

R2 8 6 14 13 400

R3 12 10 9 11 800

Requirements 200 600 700 400

Determine   the   optimum   distribution   for  this

company to minimize the shipping cost using North-

west Comer Rule, Least Cost Method and Vogel's
Approximation Method.  Compare the solutions (in

terms   of  costs).

5.      (a)  Define saddle point.  Solve the game whose payoff

matrix  is  given below.

Players

Player A

3 2 4 0

3 4 2 4

4 2 4 0

0 4 0 8

P.T.O.
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(b) A  company  wish  to  hire  five  employees  for  five

positions   claim   that   they   have   the   required
knowledge for each position. Each position can be

assigned to  one  and  only  one  employee.  The  cost

of assignment  (per.1akh  CTC)  of position to  each

employee is given below in the table. Allocate the

positions  to   appropriate  employee  for  optimal

assignment.

PositionsEmployee A 8 C D E

I 3 8 2 10 3

11 8 7 2 9 7

IH 6 4 2 7 5

IV 8 4 2 3 5

V 9 10 6 9 10

(c)  An  Oil   company  has   three  refinei-ies   and  four
depots.  The  ti-ansportation  cost  per  ton,  capacity

and  requirements  are  given  below  in  the  table.

1360

(b)  Solve  the  following  linear progi-amming  problem
by Simplex method :

Max Z = 3xi + 2*z
s.t,             xl            < 4

#2S6
#1 + X2 S 5

xl'X2 2 0.

(c)  Using Chame's M-technique to solve the following
linear programming problem:

Mar Z = Xi + 2%2 + 3X3
S.t,             Xi+   %2+    X3=5

2#z +   X3  2 2
2Xi             +X3 S 10

#1'#2'*3 2 0.

3.      (a)  Find the dual of the following linear programming

pi-oblem:

Max Z = 5%i + 6X2
S-t,                Jci + 2X2  = 5

-Xi + 5X2 2 3

4%i + 7%2  S 8
xi unestricted, x2 2 0.

P.T.O.
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(b)  Solve  graphically the  dual  of given primal  linear
programming  problem,  then  use  complementary
slackness  condition  to  determine  the  solution  of

the primal problem.

Min Z = 2Xi + X2 + 3X3 + 6X4
S.t.              Xi+#2+3X3+2X4 2 3

2Xi + a:2 + X3 + 3X4 2 2
#1' #2, #3, #4 2 0.

(c)  Let  xo  be  the  feasible   solution   to   the  primal

problem.

Max Z = CX
s.t.       4X s b

X20.

Where,  Xr, C E R7.,  bT€Rm  and A = in x n matrix.
If  wo  be  a  feasible  solution  to  the  dual  of  the

primal problem.

Min z* = bTw
s.t.                 ATw 2 Cr

w20.

Where  wTERm.  Then  prove  that  Cxo  S Z}Two.

1360

4.      (a)  A   company  has   three  production  houses   and
supplying the product to five warehouses. The cost

of  production  varies  from  production  houses  to

production houses and cost of transportation from
production houses to warehouses also varies. Each
Production   houses   has   a   certain   production

capacity and each warehouses have certain amount
of requirement. The cost of transportation per unit
is  given below.

Warehouse

ProductionHouse I 11 Ill IV V Supply

A 6 4 4 7 5 100

8 5 6` 7 4 8 125

C 3 4 6 3 4 175

Demand 60 80 85 105 70

Determine  the  optimum  quantity  to  be  supplied
frori   each   production   houses   to   different
warehouses  at  minimum  cost.

P.T.O.
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(c) Find the payoff from a bear spread  created using

put   options.   Also   draw  the  profit   diagram

corresponding to  this  trading  strategy.

(100)

I   ,LSq
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1.      (a) A bank quotes  an interestrate of l4% per annum

with quarterly compounding. What is the equivalent

rate  with

(i)  continuous compounding and

(ii)  annual compounding?

(b)  Explain the following type  of interest rates :

(i)  Treasury  Rates

(ii)  LIBOR

(iii)  Repo  Rates

(c)  Portfolio A consists  of 1-year zero  coupon with a

face  value  of €2000  and  a  10-year  zero  coupon

bond with face value of €6000. Portfolio 8 consists

of a  5.95-year zero  coupon bond with face value

of €5000.  The  current yield  on  all bonds  is  10%

per  annum.

(i)  Show  that  both  portfolios  have  the  same

duration.

p,di
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6.      (a)  Discuss  the  delta  of a  European  call  option  and

calculate  the  delta  of  an  at-the-money  6-month

European  call  option  on  a  non-dividend-paying

`  stock  when  the  risk-free  interest  rate  is  8%  per

annum  and  the  stock price  volatility  is  30%  per

annum.

(b)  Companies   X   and  Y  have  been   offered  the

following rates per annum on a $5 million 10-year

investment :

Fix Rate Floating Rate

Company X 8.0% LIBOR

Company  Y 8.8% LIBOR

Company  X  requires   a  fixed-rate  investment;

company  Y  requires  a  floating-rate  investment.

Design  a  swap  that  will  net  a  bank,  acting  as

intermediary,   0.2%  per  annum  and  will  appear

equally  attractive  to  X  and Y.

P.T.O.
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5.      (a)  Given that in a risk-neutral world,

1nsT~¢[hso+(r-£)T,o2T],wheresTisthe

stock  price  at  a  future  time  T,  So  is  the  current

stock price, r is the risk-free rate, a is the volatility

and  dy(in,  v)  denotes  a  normal  distribution  with

mean  in  and  variance  v.   For  the  given  strike

price  K,  find  P(K  >  ST),  the  probability  that  a

European put option be exercised in a risk-neutral

world.

(b)  Calculate the price of a five-month European call

option on a non-dividend-paying stock with a strike

price of €60  when the  current stock price is  €62,

the risk-free. interest rate is  10%  per  annum,  and

the volatility is  20%  per annum.

(1n(62/60)  =  0.0328)

(c)  Show  that  the  Black-Scholes-Merton  formulas

.for  call  and  put  options   satisfy  the  put-   call

parity.

I:           ,i        `1

1358 3

(ii)  What  are  the  percentage  changes  in  the
values  of the  two  portfolios  for  a  50/o  per

annum increase in yields?

(You  can use the  exponential values:  ex =  0.905,
0.368,  0.552,  0.861,  0.223  and 0.409  for x i -0.1,
-1.0, -0.595, -0.15, -1.5 and -0.893 respectively)

2.      (a)  Explain Hedging.  How is the risk managed when

Hedging is  done using?

(i)  Forward  Contracts

(ii)  Options

(b)     (i)  What is  the  difference between the  over-the
counter  market  and  the   exchange-traded

market?

(ii)  An  investor  enters  into   a  short  forward
contract  to  sell  100,000  British  pounds  for

US  dollars  at  an exchange rate of 1.9000 US

dollars   per  pound.   How   much   does   the

investor gain  or lose if the  exchange rate  at

the  end  of the  contract is  (a)  1.8900  and  (b)

1.9200?

P.T.O.
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(c)  Write   a  short  note  on  European  call  options.

Explain the payoffs in different types of call option

positions  with the help  of diagrams.

3.      (a) Name  the   six  factors  that  affect  stock  option

prices.  Explain  any  three  of them.

(b)  Derive the put-call parity for European options on

a  non-dividend-paying  stock.  Use  put-call  parity

to  derive  the  relationship  between  the  vega  of a

European call  and the vega of a European put on

a non-dividend-paying stock.

(c)  What are the lower and upper bounds for European

calls  on  a  non-dividend-paying  stock?  Calculate

the  lower  bound  for  the  price  of  a  4-month

call   option   on   a   non-dividend-paying   stock

when  the  stock  price  is  $28,  the  strike  price  is

$25,   and  the  risk-free  interest  rate  is   8b/o  per

annum?

1358

4.      (a)  Consider the  standard  one-period binomial model

where the  stock price  goes  from  So  to  Sou  or  Sod

with d <  1  < u, and consider an option which pays

fu or fd in each case,  and  assume that the interest

rate  is  r  and  time  to  maturity  is  T.

Derive  the  formula  for  the  no-arbitrage  price  of

the option.

(b)  A stock price is currently €50. It is known that at
the end of six months it will be either {45  or {55.

The risk-free interest rate is  10% per annum with

continuous   compounding.  What  is  the  value  of

a  six-month  European  call  option  with  a  strike

price  of  €50?   (You  can  use  exponential  value:
e-0.05  =   0.95123).

(c)  A  stock price is  currently €100.  Over each of the
next two three-month periods it is  expected to  go

up  by  8%  or  down by  7%.  The  risk-free  interest

rate    is    50/o    per    annum    with    continuous

compounding.  What  is  the  value  of a  six-month

American put option with a strike price  of €102?

(You can use  exponential value:  e-0.0125 = 0.9876).

P.T.O.
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(c)Giventhelvp£=?,y(0)=1,0<x<1,find

y(0.5) and y(0.75) using Euler's Method. Also find

the  absolute  error  at  each  step  size  if the  exact

solution  of the given IVP  is  y= 2ex -1.
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1.      (a)  Round  off the  number  65468  to  four  significant

digits and then calculate the absolute, relative and

percentage  errors.

a) Using  Secant  method,  find  the  smallest  positive

root of the equation x3 - 9x = -2 correct to three

decimal  places.

(c) Determine the number of significant digits  in the

following numbers

(i)  27.00

(ii)   0.004030

(iii)   1.0056

(iv)   1.02x|04

2682

(c)  The  velocity  of a particle  which  starts  from  rest

is given by the following table

t(see) 0 2 4 6 8 10 12 14 16 18

v(ft/sec) 0 12 16 26 40 44 25 12 5 0

Evaluate using trapezoidal rule the total  distance

travelled  in  18  seconds.

6.      (a) Find the approximate value of I:
dx

x2 + 6x + 1 o

Simpson's  Rule with 2  and 4  subintervals.

using

(b) Using Mid Point Method, solve the following initial

value problem  ¥=x+J;, y(0) = 10 < x < 0.4

by  using  h = 0.2.

P.T.O.



(ii)   6=E]/2 _E-V2

LL is  average  operator,  8  is  central  operator and E

is  shift  operator.
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5.      (a)  Find Richardson's extrapolation off(x) = ex-sinx

at  x  =   1,  h  =  0.5,  h  =  0.25  using  the  central

divided difference formula

f,(x)-f(x+h)-f(x-h)
2h

(b) Use  the  formula

f,(xi)-
-f(xi+2h)+4f(xi+h)-3f(xi)

2h

to  approximate  the  derivative  of f(x)  =  cos x  at

x£  =  7t  taking  h= 0.1   and  h= 0.01

2682

2.      (a) Perform five iterations of the bisection method to

obtain  the  smallest positive  root  of the  equation

x3  - 4x  +  1  -  0.

(b) Using Regula falsi method,  compute the real root

of  the  equation  x2  =  2  correct  to  four  decimal

places.

(c) Using  Newton-Raphson  method,  compute   J|?

correct  to  four  decimal  places.

3.      (a)  Solve  the  following  system  of equations  AX=  b

where

A-
411

14-2
32-4

by  the  Gauss  elim.ination  method  with  partial

pivoting.

P.T.O.
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(b) Approximate  the  solution  of AX  = b,  where

A-
124

21.2

421

with  X°  =  [0,0,0](T)  using  Gauss-Jacobi  iteration

method by performing three iterations.

(c)  Consider the following table :

X 0 0.1 0.2 0.3 0.4 0.5

f(x) -1.5 -1.27 -0.98 -0.63 -0.22 0.25

Use Gregory-Newton backward difference interpolation

to construct the interpolating polynomial. Estimate

f(0.45).
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4.      (a)  Perform three iterations to solve the linear system

2x - y - 7

-x + 2y - z - 1

-y + 2z -  1

using Gauss-Seidel iteration method by taking the

initial approximation as  (x,y,z) = (0,0,0).

&            b                    a)  Construct  a  quadratic  polynomial  that  passes

through  the  points   (-2,4),   (0,2)   and  (2,8)  by

Lagrange interpolation formula.

(c)  Show  that

(i)   H-

P.T.O.
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E=

[57)

[79)

[9   11)

[11   13)

[13  15)

[15   17)

[17  19)

Construct  an  appropriate  histogram  and  comment  on  any  interesting

features.

(a)    Do running..times of American provies differ somehow firom running times
J

of French movies  ? The  atithor investigated this  question by randomly

selecting 25 recent movies of each type, resulting in the following running

times  :

94,  9`0,  95,  93, .128,  95,  125,  91,  104,  116,  162,  102,  90j  110,  92,  113,  116,

90.,  97,  103,  95,  120,  109,  91,  138.

Construct a stem-and-leaf plot.

(c)    Calculate  the  sample  mean,  variance  and  standard  deviation  from  the

following- data  :

203,130,160,180,195,132,145,  211,105,145,153,..152,138,  87,  99,

93,  119,  129.



(3) 5866

r--_

2.      (a)    Find the sample .space for rolling of two dice and tossing of thr?e coins.

(a)    Suppose that 55%  of all adults regularly consume coffee, 45%i regularly
• consume  carbonated  soda,  and  70%  regularly  consume  at  least  one  of

these two products  :,

(i)    What  is  the  pro-bability  that  a  randomly  selected  adult  regularly

consumes both coffee  and  soda ,?

GZ)   What  is  the  probability  that  a  randomly  selected  adult  doesn't

regularly consume  at least one  of these  two  products  ?

(a)     Consider  the  fo`1lowing  probability  :

P(A)-=ro.6,  P(B)  =  0.4,  P(A  n  8)  =  0.3,  P(C)  =  0.2,  P(A .r`  C)  =  0.15,

P(B  r`  C)  =  0.1,  and  P(A  rl  8  r`  C)  =  0.08.

Find  the value    of P(A|B),  A(B|A),  P(A|B  u  C).

3.      (a)    Define  Poisson  distribution.  Find  the  mean  and  variance  of. a` Poisson

distributed random variable X.  Are  they equal  ?

(a)    Let  the  random variable  be  defined  as  :

X =  1 if a randomly selected vehicle passes  an emission 'test .and X =. 0

Otherwise.  Assume  that  the  probability  mass  function  (pmD    of this

variable  is  : p(1)  = p  and p(0)  =  1  - p.

(i)     Name  the random variable.

P.T.O.
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(4)

(I.i)    Compute  E(X2).

(I.I.i)   Show  that V(X)  = p(1  - p).

(c)    Starting  at  a  fixed  time,  the  gender of each newborn  child `is. observed

at a_ certain hospital until  a boy (8)  is born.  Let,I p  =  P  (bay. is born)  =

P(B)  and  assrime  that  the  successive  births  are  independent.  Let  the

random variable X = number of births up to  and including. that of the

first boy  :

(i)     Find the  probability mass  function  (pmf)  of X.

(ZZ)    Determine  the.. cumulative  distribution  function  (cdD  of X.

4.     (a)    Compute the following binomial probabilities directly from the formula for

b(x  .. n,  p)  ..

(i)      6(3  :  6,  0.5)

(£Z)    P(3  <  X)  when. 7i  =  6  and   p  =  0.5,

(I.Zj)   P(X  S  1)  when  7L  =  6  and    p  =  0.5.

(a)    Find fa  such  that  the  function i defined by  :

f(#,=(fa:,2,
0<#<2

elsewhere

is  a probability density function  (pdD.  Also,  determine  P(0  < #  <  4).

(c)    Define  exponential  distribution.  Find the  mean. and  standard  deviation

of an  exponential  distributed random variable X.  Are  they equal  ?



(5)

f(#,=(0.15e-0::(#-05,,

5866

5.     (a)    "Time headway" in traffic flow is the elapsed time between the time that

one car finishes passing a fixed point and the instant that the next car

begins to pass that point.  Let X = the tiine headway for two randomly

chosen consecutive cars on a freeway during a period of heavy flow. The

following  pdf of X  is  essentially  the. one  suggested  in  "The  Statistical

Properties    of Freeway Traffic''.  (Transp.  R?s.,  vol.  11  :  221-228)  :

.   `       [o.|5e-0-15(#-0.5)              #20.5

otherwise

Find the probability.that headway time is  at most 5  see.

(a)    Let X, the thickli`ess of a certain metal sheet, have a uniform distribution

on  [A, 8]. Write the probability -density function (pdD .of X and find the

cumulative  distribution function  (cdf)  of X.

(a)    The amount of distilled water dispensed by a certain machine is normally

distributed with m'ean value 64 oz and standard deviation 0.78 oz. What

container size c will ensure that overflow occurs only 0.5% of the time ?

6.     (a[)    The distribution of egg weights (g) of a certain type is normal with mean

value  53  and  standard  deviation. 0.3.  Let Xi,  X2 ,......,  Xi2  denote  the

weights of a dozen randomly selected eggs; these  X;s  constitute a random

sample of size  12 .from the specified normal distribution. .Find the mean

and  standard  devi.a'tion  of the  sample  mean  weight  i.  Also  find  the

probability that the  sample mean weight exceeds  53.5  g.

P.T.O.   .



(6) 5866

(a)    Medical researchers, have noted that adolescent females are much more

likely to deliver low-birth-weight babies than ar.e adult females. Because

such babies have higher mortality rates,  numerous investigations have

focused  on  the  relationship  betvieen  mother';  age  and  birth  weicht.

For the  foll.owing  data  on #  =  material  age  (yr)  and y  =  baby's  birth

weight  (kg)  :

#.

15

17

18

15

16

19

17

16

18

19

y

2.3
+

3.4

3.3

2.6

2.9

3.3

2.9

2.5

3.1

3.6

Compute the coefficient of correlation between # an.d y. And, how would

you  describe the nature  of relationship between the .two va.riables.
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(a)    Consider the following data on fracture strength (#, as a percentage   of

ultimate tensile strength) and attenuation OJ., in neper/cm, the decrease

in  amplitude  of  the  stress'  wave)  in  fiberglass-reinforced  polyester

composites .:

3.2

3.4

3.0

2.8

2.9

2.7

2.6

2.5

78 2.6

Firid the  equation  of regression  line:  And ,estimate  the  attenuation  OJ)

when fracture  strength  (#) is  50.
?
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(i)  What can be said about the probability that

this  week's  production  will  be  at  least

1000?

(ii)  What  can  we  say  about  the  probability

for  week's  production  between  400   and

600?
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1.      (a)     (i)  If  the   sample  space  is   C  =  C]   U   C2   and

if   P(C])   =   0.8    and   P(C2)   =   0.5,   find

P(Cl   n  C2).

(ii)  If C]  and  C2  are  subsets  of the  sample  space

C,  show  that

p(c]  r`  c2)  < p(c])  i p(ci  u  c2)  i p(ci)  +

P(C2).

(b)  Suppose the random variable X has the cumulative

distribution function (cdf)

Fx(x,#::
ifx < -1

i f - 1 <- x < 1
i f x >_ 1

Sketch  the  graph  of  Fx(x).  Use  your  graph  to

obtain the probabilities:

(i)  P(-1/2  <  X  <  1/2  )

(ii)  P(X  -  0).

2679

(c)  If X is  a binomial Distribution with parameters n

and 0 then show that moment generation function

of the random variable approaches

that of Standard Normal Distribution when n tends

to infinity.

6.      (a)  If  X   is   a  random  variable  with  mean   H   and

standard deviation a, then prove that for any k > 0,

p[,x-H , < ko]=1-i.

(b)  Let X£, i =  1  to 5 be independent random variables

each being  uniformly  distributed  over  (0,1).  Use

Markov's inequality to  get bound on

P[Xi  +.X2  +  X3  +  X4  +  X5  i  8]

(c)  Suppose the number of items produced in a factory

during  a  week  is  a  random  variable  with  mean

500  and  variance  100.

P.T.O.
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(b)  If the joint probability mass function of X and Y

is given by

p(x,y)={#'     X=L'2;eLse=Lr'e2

determine the conditional mean and variance of Y

given  X  -1.

(c)  If x and Y are independent random variables, then

E(XY)  =  E(X)E(Y)  and  ox¥  =  0.

5.      (a)  Show  that  for two  independent random variables

X  and  Y,  E[XY]  =  E[X],  E[Y]  and hence,  show

that  Cov(X,Y)  =.  0.  Is  the  Converse  also  true?

(b)  Given joint pdf for two random variables X and Y

f(x,y)- x.e-X(i+y)        for  x>O  and  y>0

0                                        els ewhere

Find  the regression  equation  of Y  oil X.

2679

(c)  Let  the  pmf p(x)  be  positive  at  x  =  -1,  0,  1  and
zero  elsewhere.

(i)  If p(0)  =  1/4  ,  find  E(X2).

(ii)  If p(0)  =1/4  and  if E(X)  =  1/4,  determine

p`(-1)  and  p(1).

2.      (a)  Let  a  random  variable  X  have  the  pdf  f(x)  =

6x(1 -x),   0   <  x  <   1,  zero   elsewhere.   Compute

P(pr -2o < X < pr + 2o), where  pr and a  are mean

and  standard  deviation  of  random  variable  X

respectively.

(b)  Define  Poisson  Distribution.  Records  show  that

the  probability  is  0.00005  that  a  car  will  have  a

flat  tire  while  crossing  a  certain bridge.  Use  the

Poisson  distribution to  approximate the binomial

probabilities that, among 10,000 cars crossing this
bridge'

(i)  exactly  two  will have  a  flat  tire;

(ii)  at  most  two  will  have  a  flat  tire.

P.T.O.
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(c)  Show that  the Normal  Distribution has

(i)  relative  maximum  at  x =  pr  and

(ii)  inflection points  at x = pr -a and x = pr + a..

3.      (a)  Find thejoint probability density function (pdf) of
the  two  random  variables  X  and, Y  whose  joint
distribution function given by

F(x,y) ={!L-e-X)(1-e-y)'   exLs'e;'he:e' 0

use  the  joint  pdf  to  find  P(1 < X < 3,   1 < Y < 2)
and  P(X  +  Y  <  1).

(b)  Let  X   and  Y  be  two   random.variables   with
joint Probability mass function p(x, y) = c(x2 + y2),
x=-1, 0,1, 3;  y  =  -1,2, 3

Find

(i)  the  value  of c

(ii)  P(X S 1,  Y > 2)

(iii)  P(X -0,  Y < 2)

2679

(c)  Let  X  and  Y  have  the  joint  probability  density

function (pdf)

fcx,y,--

Then

15#2y,              O<x=y=1
0                              ezsewhere.

(i)  find marginal  densities  of X  and Y

(ii)  compute  P(X  +  Y  i  1).

4.      (a) Let X  and Y be  two  random variables  with joint

probability density function

f(x,y)- xe-y'          0<x=y<cx)

0                      els ewhere

Determine  the joint moment  generating  function.

Does

M(ti9 t2)  =  M(ti9 0)M(°> t2)?

P.T.O.
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(a)       What  are  the  points  to  be  kept  in  mind  while  selecting  a  researc

topic  ? 7.5

(c)       What are the common eITors that may appear in mathematical witing
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(cz)       Write a LaTex source program for creating the qtitle page of a research

paper.  How the  sectioning  commands help  in  organizing  a  research

document?                                                                                                           7.5

(a)       Discuss  the  characteristics  of good power point presentation.         7.5

(c)       What is PSTricks? How is it use.ful in making simple pictures?   7.5

4.         (cE)       State  and  discuss  the  list~making  environments  in  LaTex.             7.5
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document  ?
`7.5

(a)       How  to'make  a  beamer  presentation  ?  Explain  it  with  the  help  of

example. 7.5
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mathematical research.                                                                                7. 5
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(c)       Identify  which  web  resource  you  would  rise  for  :  Finding  math

journals.  cormecting with researchers, Reading free p.reprints (Justify

your  choices  briefly.)                                                                                         7.5
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received 660 citations in 2023. ,Calculate its Impact Factor as per JCR
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