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(d)  Suppose f is differentiable on R,  1  i f'(x) S: 2 for
i  €  R,  and  f(0)  =  0„  Prove  x  <  f(x)  S` 2.x  for  all `
x  2  0.                                                                                             .(5)

5;      (a) I±et fbe differen_tiable function on an open interval

(a, b),  Then  show  that  f is  strictly  increasing  on
(a,, b)  if  f'(x) = 0.

(b) If y  =  sin-t x,  prove  that
•(1 -X2)yn+2  -  (2n +  1)X yn+I  -  n2yn  =  0.

(c) If  y- find  yn(0). (5)

(d)  State   Taylor's   theorem.   Find   Taylo{   series
„  expansion  of cos  x.

6a     t(a) Find  all  values  of k  and  I  such `that

k + cos lx

(5)

\
[This  question paper  contains  4  printed pages.]

Your  Roll  No ...............

tsr.  No.  of Question  paper :   41`21                                 H

Unique  Paper  Code                :    2352011202'

Name  of the  Paper              :   CALCULUS  -  DSC  5

Name  of the  cours?             :   B.Sc.    (H.)    Mathematics
UGCF-2022

Semester                                         :    11

Duration :  3  Hours Maximum Marks  :  90

rmrm
x.i+o         x2

=-4
(5)

(b) Determine  the  position  and  nature  of.the  double
points  on  the  curve                                                      (5)

y2  =   (x_2)2(x-1).

(c)  Sketch  a  graph  of the  rational  function  Showing
the horizontal,  vertical `and obli.que  asymptote  (if

any)  of.y  =  x2  -i                                                 (5)
X

(d)  Sketch   the   curve   in   polarttyordinates   of
r= cos 20.                                                                            (5)
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Instructions  for  Candidates
•`                                                                                                    .                            I__._         _                    _____

1.      Write. your Roll No. on the 'top ininediately on receipt
of this  question paper.

2.      Attempt  all  questions  by  selecting  three  parts  from
each  question.        .

3.      All  questions  carry  equal  marks.

4.      Use  of calculator  is not  allowed.

1.      (a) If f:  A + R and if c  is  a cluster point of A then

prove  that  fcan  have  only  one  limit  at  c.        (5)

®) Use   E  -  8  definition  of  limit  to  establish .the
following limit` :                                                                  (5)

#l*1#=4.-h,
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2.

r2

(a,)  Determine Whether the follQwing- limit exi`sts in R

ii.mo sg" sin (:)                           ,5,\
r

'qu Let A E R,  let ,f, g,-h:  A + R,. and let q  €  R be
c-1'uster  point  of A.  If f(x)  i  g(tx)  i  h(x)  for  all

(1I     X  €  A9  X. f JC ,qu`d i'f, ±i+mc f = i =` Li.inc h ,  then  show

that  !i.mc.g--I.      ,                                                (5)

`(a)  State a,nd prove' sequential criterion for continuity.

I

(b`)  Lejt ^£:   R  -+,AR  be  d'efined¥  as

f(x,--(oL if  * i§.ra`tion'al
if I _is irrational

(5,)

r`                                             Lrf

Sho.w  tfiat  f is  discontinuous  at  every  ¥  in  R.

(5)

(c)  Let f and g be coptinu.;us real-valued func`tion on.
(a, b) such that' f(.r) = g(r) for each rational number
r  in  (a,,b)  then  prove  that  f(x)  =  g(x)  for  all.

x   €(a,b).     ,                                                                      (5)

(d)  Stat`e{  Interinedia'te.. Value  Theorem.   Show  that
`'x±cosx  for  some  k  in  \(0;Z).                             (5)

(a) Prove that every Continuous .function defined on a
closed  intLerval  i`s, b':ound`e`a therein.                           (5)

\
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(b)  If f is uniformly continuous  on a set  S' ap¢,.(sn)  is
a  Cauchy sequence  ifi `S,  th.en Provei that  (f(sn))  is

a  cauchy  sequence.                                                    (5)

('c)Showtha"hefunctiopf(x)=±isnotun'iformly
/

continuous on (0,1). but i,t is'unifo`rml\y continuous

on   [a,cx])   where   a>0.                                                   (5)

• (d) Let f(x)  = x2  sinl  for x ±  0  and f(0)  = 0.  Show
X

that f is  differentiable on R and also  sh`owl that f'

is  not  continuous  at `x  ±  0.                                        (5)

4.      (a) Let fbe defined on anopen interval containing xo.
I,f f assuines  its  maximum  or minimuni at xo  and.
if f is differen`tiable at xo then show that f'(For) = o.

(5)

(b)  State Intermediate Value Theorem for derivatives.
Supp,ose  f  is  differentiable  on  E  and  f(0)=0,

`       '`.f(1)=1,   f(2)=1.

(i)  {Show  that  f'(x)  =  i   for  Some  x €  (0,2).

(ii)  Show. that  f'(x) `±  3   for  some  x € (0,2).

(5)

(c)  Show {that  ex  S  ex' for  all  x  €  R. (5\)

P.T.O.
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(c)  Let  W  be  the  subspace  of R3,  whose  vectors  lie

in the  plane  2x -2y +  z  =  0  and  v =  [1, -4, 3]  e

R3.  Find  projwv,  and  decompose  v  into  W[  +  W2,

where   w]€W   and   w2€WJ-.                                    (6)

(500)
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1.      (a)  If x  and  y  are  non-zero  vectors  in  Rn,  then prove'

that                                                                                       (6 %)

(i)   If  x,  y20,   then  ||x+y||   >   ||y||.

(ii)   ||x   +   y||2   +   ||x  _  y||2   =   2(||x||2   +   ||y||2).

(b)  If  x   and   y   are   non-zero   vectors   in   Rn,   then

x, y  =  ||x||  ||y||  if and  only  if y  is  a positive  scalar

multiple of x.                                                                (6'/2)

(c)  Reduce   the   matrix    A=

reduced  row  echelon  form  by  using   elementary

row  operations.                                                              (6%)

1047

(b)Find    the    kernel    and    range    of   the    linear

transformation  L :  R4  +  R4  defined  by  L([a„ a2,

a3.  a4])   =   [0,  a2,  0,  a4].                                                       (6'/2)

(c)  Check whether the linear transformation L:  R2 i

R2  given  by

L(I::I)-I-24    -23][:;I

is  one  to  one  or  onto. (6%)

6.      (a)  Find   a   least   square   solution   for   the   following

inconsistent  system                                                           (6)

(b)  Let W  =  span{[1, -2, -1],  [3, -1, 0]}.  Find  a basis

for  w  and  its  orthogonal  complement  wJ-.        (6)

P.T.O.



(i)  Translation  along  the  vector  (-3,5).

(ii)   Scaling  about the  origin with  scale factors

of  i   in  the  x-direction  and  3   in  the  y-

direction. (61/2)

1047

2.      (a)  Solve the following system oflinear equations using

Gauss-Jordan  method

2x[  +  3X2  -  X3  =  9

Xi  +  X2 +  X3  =  9

3Xi  -  X2  -  X3  =  -1

(b)  Show  that the matrix  A=

diagonalizable.

3     -I     -2
2         16     -18

29-7

(6)

is  not

(6)

(c)  Prove   that   the   set   S   =   {[1,3,-1],   [2,7,-3],

[4, 8,-7])   spans   R3.                                                         (6)

3.      (a)  Use the simplified span Method to find a simplified

general   form   for   all   the   vectors   in   span(S)

where   S   =   {[1,-1,1],   [2,-3,3],   [0,1,-1]}   is   a

subset  of R3.   Is  the  set  S  linearly  independent?

Justify.                                                                                 (6%)

P.T.O.
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a)  Examine  whether  the  set  S =  {[1, 3, -1],  [2, 7, -3],

[4,  8,-7]   forms  a  basis  for  R3?                           (61/2)

(c)  Define rank of a matrix. Let A=

-218

7      -2.   -2:2
3      -1    -10

Using    rank    of   A    determine    whether    the

homogeneous   system  AX  =   0  has   a  non-trivial

solution   or   not.   If  so,   find   the   non-trivial

solution. (6%)

4.       (a)  Let  S  =   {[1,-1],   [2,1]}   and  T  =   {[3,0],   [4,-1]}

be  two  ordered  bases  for  R2.  Find  the  transition

matrix  Ps+T  from  T-basis  to   S-basis.  Hence,   or

otherwise find transition matrix from  S-basis to T-

basis. (6)

.,

`  '`     ,I     'h
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(b)  Let L: R3 i R3 be a linear operator and L([1, 0, 0])

=  [1,i, 0],   L([0,1, 0])  =  [2, 0,1]  and  L([0,  0,1])  =

[1, 0,1]. Find L([x,y,z]) for any  [x,y,z]  e  R3.  Also

find  L([1, 2, 3]). (6)

(c)  Let  L:   R3   i   R2  be   the   linear  transformation

given  by  L([x, y, z)]  =  [-2x + 3z,  x + 2y -z].  Let

a   =   {[1,-3,2],   [-4,13,-3],   [2,-3,20]}   and

C  =   {[-2,-1],   [5, 3]}   be  a  basis  for  R3  and  R2

respectively.   Find   the  matrix   ABc   for  L   with

respect  to  the  given  basis  B  and  c.                     (6)

5.      (a)  For the graphic in the following figure, use ordinary

coordinates   in   R2  to   find   new   vertices   after

performing   each   indicated   operation.   Then

sketch  the  figures  that  would  result  from  each

movement.

P.T.O.
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(c,)  A  large  tank  contains   100   litres   of  salt  water.

Init.ially so kg of salt is dissolved.  Salt water flows

into  the  tank  at  the  rate  of  10  litres  per  minute,

and  the  concentration  cfn(t)  (kg  of  salt/litre)  of

this  incoming water-salt mixture varies with time.

We   assume   that   the   solution   in   the   tank   is

thoroughly mixed  and that the  Salt solution flows

out  at  the  same  rate  at  which  it  flows  in:  that  is,

the   volume   of  water-salt  `mixture  .in  the   tank

remains  constaht.  Find a  diffel.ential  equation  for

the  amount  o.f  salt  in  the  tank  at  any  time  t.
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1.       (a)Solve
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P.T.O.



4159

(b)  Solve the initial  value problem

x¥y=y21ogx,y(1)=2

/
(c)     (i)  tsolve

(y  sec2`x +  secx  tanx)dx  +  (tanx + 2y)dy  =  0

(ii)   Solve  by  reducing  the  order  y" =  (x  +  y)2`

2.      (a)  Suppose that a mineral body formed in.an ancient
•cataclysm originally contained the uranium isotope

.238U,  (which  has  a  half-life  o`f 4.5-1   x   109  years)

•         but  no  lead,  the  end  product  of  the.  radioactive

decay  of 238U.  |f today  the  ratio  of 238U  atoms  to  .,

lead  atoms.  in  the  mineral  body  is  0.9,  when  did

the   cataclysm  occur?

(b).Upon   tbe   birth  `of  their   first   child,   a   couple

deposited  Rs.10,000   in   an   account that  pays

8%   interest   c.ompotinded   continuously.   The

HDH              RE

HRI                  -I
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6.      (a)<The   Earth's   atmospheric   pressure   p   is   often

modelledbyassumingthat`£(therateatwhich

pressure p changes ,with altitude`h above sea level)

is proportional  to  p.  Suppose  that  the Pressure  at

sea  level is  1013  millib.ars  and that the pressure at

a'n   altitude   of  20   kin  is   50,  millibars.   Use   an

ex<ponential  de;ay model

#=kp

to.describe  the  system,  and  then  by  solving  the

equation,  find  an  expression  for  p  in  te\rms  of h.

Determine k and the  constant  of integration  from

the   initial   condi.tions.   What  is   the   atmospheric

pressure  at  arf altitude  of 50  kin?

(b)  Discuss  Phase   Plane  Analysi§' of  predator-prey

model.

P..T.O.
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predators.  that  compete  for  a  single  prey  food-

source  is

#=atx-b.XY-c*XZ.d%--a2XY=b2Y,#--a3XZ-b3Z

where   a£,   b£,   cj   for   i   =   I,2,3   arei  all   positive

constants.  Here`X(t)  is  the prey density  and Y(t),  j.

Z(t) are the two predator densities. Find all possible

equilibrium p op.ul ations.

(c)  Suppose  a  population `can  be  modeled  using  the

di`fferential equation

¥=.o.2X-o.oo,X2

with  an  initial  population  size  of xo  =  100  and  a
\

time step of 1  month. Find the p.redicted population

after  2  months.

4159 3

interest payment is allowed to 'accumulate.  In how

many  years  will  the  ariount  double?  How  much

will   the   account   contain   on   the   child's   l8'b

birthday?

(c)  A roast initially a/t 50°F,  is placed in a 375°F oven

at  5  pin.  After  75  minutes,   it  is   found  that ithe

temperature  of the  roast  is  125°F.  When  will  the

roasLt  be   1.50°F?

3.      (a)  Show  that  the  solutions  ex,  e-I,  e-2X  of  the  third

order differential equation

#+2#-¥-2y=o

are linearly independent. Find the particular solution

satisfying the.given initial condition.

y(0) -1,  y'(0) -2,  y„(O) -0

P.T.O.
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(b)  Solve  the  differential  equation  using  the  method.

of Variation  of Parameters

¥-4¥+4fy=2e2X      ,

(c)  Find the general solution of the. differential equation

using  the  method  of Undetermined  Coefficients.

#+9y=2aos3x

4.      (a)Use   the   operator   method  to   find`  the   general

solution of the following linear system

#+#-2x-4y=et

#+¥-y=e4t

f'\
\h(

4159

(b) Find   the   general   solution   of  the   differential

equation.  Assume  x> 0.

x2#+xg-y=72x5

(c)Abodywithmassm=±kgisattachedtotheend

of  a  spring  that  is  stretched  4m  by  a  force  of

20N.   It   is   set  in  motion  with   initial  position

xo = `lm  and  initial  velocity  vo = -5m/s.  Find  the

position   function   of  the  body`as   well   as   the

amplitud,e,  frequency and period  of 9scillatign.

5.      (a)  Develop  a  model.with  two  differential  equations

describing  a predator-prey  interaction.

(b)  Define equilibrium solution of differential. equation.

A  model  of a  three  species  interaction  with  two

P . T . O.
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(c)  For given  initial  value  problem  (IVP)

±-y-x, y(o,=2'

find   y(0.5)   and   y(I.0)   by   using   the   Heun's

method.   Also,   find   the   absolute   error   at   each

step,  given  that  the  exact  solution  of the  IVP  is

y(x)=ex+x+   1.                                                          (6.5)

(500)

(-1      I     ''
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I.       (a)  Convert   (0.7),o,   given   in   tlie   decimal   number
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(b)  Write  the   approximate  value  of  the  number   :

with four significant digits and evaluate round-off

error,   relative   error   and   absolute   percentage

(6)

(c)  Find  the  approximate  root  of equation x3  +  x -  1

=  0  correct  up  to  three  decimal  places  by  using

the  secant  method  on  the  interval  (0,1).             (6)

2.      (a)Find   the   approximate   root   of   the   equation

x4  -  3x  +   1   =   0   by  using  Newton-Raphson's

method  by  taking  initial  approximation  xo  =  I.5.

Perform  three  iterations  of the  method.

(6.5)

(b)  Find   the   approximate   root   of  the   equation

x2 - 2x -  1  =  0  in  the  interval  (2,3)  by  using  the

Regula-Falsi  method.  Perform  three  iterations  of

the  method.                                                                        (6.5)

'

I     i     I,,

1162

(c)  Use  the  formula

f,(x) a
-3f(xj)+4f(xj +h)-f(xi+2h)

2h

to  approximate  the  derivative  of  f(x)  =  ln  x  at

xj=2,  taking  h=  1,  0.I   and  o.01.                          (6)

6.      (a)  Approximate the value of (ln2)+  from  I:T±dx

by  using  the  Trapezoidal  rule  with  h = 0.25.

(6.5)

(b)  Apply Euler's method to approximate the solution

of the  initial  value problem :

±=ky,   isxs4,   y(1)=0,
dxx

by  using  5  steps. (6.5)

P.T.O.
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f'(xi)s
f(xi)-f(xi

f"(xi)a
f(xj-2h)-2f i-h)+f(xi)

X 0.60 0.65 0.70 0.75

¢) 0.6221 0.6155 0.6138 0.6170

(b)  Given  the  function  f(x)  =  I  + x + x3,  approximate

f'(I)   with   Richardson   extrapolation   by   using

first     order     forward     difference     formula

f'(x) a
f(x +h)-f(x)

with  h  =  0.25  and  0.125.

(6)

1162

(c)  Find   the   approximate   root   of  the   equation

cos x  -xex =  0  in  the  interval  (0,1)  by  using  the

bisection  method.  Perform  four  iterations  of  the

method.
(6.5)

3.       (a)  Using  Gauss Jordan's  method  solve the  following

system  of linear  equations :

x  +  2y  +  z  -  8

2x  +  3y  +  4z  =  20

4x  +  3y  +  2z  =  16.

(6)

(b)  Sliow  that  1  -E-I  =  -i82  +  6H.  (Note:  Symbols

have  their  own  meaning)
(6)

P.T.O.



1162

(c)  Find  the  Newton  interpolating  polynomial  which

fits  into  the  given  data. (6)

4.      (a)  By using the initial solution (0,0,0), perform three

iterations   of  the   Gauss  Jacobi's  method  for  the

following  system  of linear  equations  :               (6.5)

27x  +  6y  -z  =  85

6x  +  15y  +  2z  =  72

x  +  y  +  54z  =  110.

a)  Obtain the piecewise linear interpolating polynomial

for  the  function  f(x)   defined  by  the  given  data

and  by  using  it  estimate  the  value  of  f(1.5).

(6.5)

\

t,,

X 0 1 2 3

f(x) 1 2 5 10

1162

(c)  Following  table  gives  the  area  of the  circle  with

given  diameter :                                                               (6.5)

Diameter (in cm) 80 85 90 95 loo

Arcs (in cm square) 5026 5674 6362 7088 7854

Make  the  difference  table.  Obtain  the  backward

Gregory-Newton   interpolating   polynomial   and

estimate   the   area   of  the   circle   with   diameter

82  cm.

5.       (a)  For  the  given  below  data,  find  f'(0.7)  and  f"(0.7)

by  using  forward  difference  formulae                  (6)

P.T.O.
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(c) Use   the   Runge-Kutta   Method   fourth-order,

determine  the  approximate  solution  of the  initial

value P.robl.em  #=?,  x(0) = H  s t s 2, taking

the  step  size.  as  h  =  0,5.
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1.      (a)  Determine  a  formula which relates  the  number of

iterations  n,  required  by the  bisection. method  to

converge  to  within  an  absolute  error  tolerance  €,

"       starting  from  the  initial  interval  (a,b).

@)  Pe,rform  up   to   four  iterations   using  the   false

position to  approximate  a root of I(x)  i ex + x2 -

x  -4  in  the  interval  (i-2,``-1).

(c)  Verify that x =  J;  is a fixed point of the function  I

g(x,-i(x+:).   Use   the  fixed  point  iteration

s?heme   to   determine  the   order tof  convergence

and the asymptotic error constant .of the. sequence
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(c)  Derive  the  formula  for  the  Trapezoidal  rule  and

hence   evaluate   the   approximate   value   of  the!

integral  /[2idx .  r

6.      (a)  Det6.rmine  the  values  for.the  coeffi.cients  Ao,  A,,

and  A2  so  that  the  quadrature  formula    .

I(f)=[]f(x)dr=Aof(=)+A[f(i)+A2f(1)

has  degree  of, precision  at  least  2.

(b)  Use the Euler Method, determine th-e approximate

Pn  =  g(Pn_1)  t.awards  x  i  /;.

solution  of the  in`itial  value  problem  #=1+:,

x(1) =  1,  I  < t < 2,  taking the step size as h = 0.5.

P.T.O.



Hence   estimate   the   value   of  f(1.5),L  f(2.5)   arid

f(3.5).

5.       (a)  Provethat  f'(ko)ss
f(xo+h)Tf(x`o) and detemine

the   approxima.te   value   of  the   derivative   of

f(x) =  1  + x + x3.at xo =  I,  taking h =  I,  9.I,  0.01

and  0.001.

(b)  Verify  that` the  second-order  forward  difference

approximation for the first derivative provides the

exact value  of the  derivative,  regardless  of h,  for

the functions  f(x) =  1,  f(x) = x and  f(x) = x2, but

not  for  the  function  f(x)  =  x3.
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2.      (a)  Calculate  the  fo.urth  approximation'ofithe.root  of

the  function  f(x)  =  e-X  -  x  using  the  Nevyton's

method  wit-h  p.o  =  0.

(b)  Use   the   Secant  method  to   calculate   the   root

of the  function  f.(x)  =  1.05  -l.`04x  +  lnx  using

.      po=  l.10  andp] =  1.15  with anabsolute  tolerance

of  10-6  as  a  stopping  condition.

(c)  Determine`the   order   of  convergence   of  the

NewtonLs  .method  to   find  a  root  p   of  a  twice
•differentiable  function  f  6n   the` interval   [a, b],

provided  f'to`)  .±  0.

3.      (a)  Solve  the  following system of equations by using

the. LU  Decomposition method

x +  4y +  3z - -4,.

2x  +  7y  +  9z  =  -10,

5x  +  8y -  2z  =  9.

`P.T.O.
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(b)  Starting with initial vector (x, y, i, t) = (0,. 0, 0, 0),

perform  three  iterations  of Gauss-Seidel  method.

to  solve  the  following  system  of equations

4140

4.`      (a)  Find the Lagrange interpolation polynomial for the
I

data  set  (0,1)I <(1,3) .and I(`3,55).  Also  estimate  the,

Value  at  x  =  2.5.

4x + y + z + t - -5,

i'
x  +  8y  +  2z  +  3t  =  23,

x  +` 2y -  5z -  9'

-x +  2z +  4t  - 4,.

(c)  Compute  Tjac  and  Tg:  for  the  matrix

f

[-21-31r       ;'
Will the Jacobi and Gauss Seidel method converge

for  .any  choice  of initial  vecto'r x(9)?  Justify  your

answer.

®  The  population  of a  town  during  the  last  six

censu.ses  are  given  below.  Estimate  the`  increase

ih  the population from  1846  to  1848  by using the

Newton interpolation polynomial.

Year 18„. 1821
`1831

1841 1851 1861

Population-(jnthousands)
9 12 20 17 37 42

(c)  Obtain    the    piecewise    linear    interpolating

.   polynomial:for  the  function  f(x)  defined  by  the

given  data :
+

P.T.O.
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(b)  Discuss the convergence and uniform convergence
of the  series  of functions

I:(xn+  1)-I,   x±o                                  (6.5)

(c)  If fn is  continuous  on D  E R to  R for each n e N
and Zfn converges to f uniformly on D then show

that  f is  continuous  on  D.                                      (6.5)

6.      (a)     (i)  Find the radius  of convergence  of the power

series                                                                               (3)

fg
(ii)  Define  sinx  as  a  power  series  and  find  its

radius  of  convergence.                                      (3)

(b)  If  the  power   series   Z::=oanxn    has   radius   of

convergence  R,  then  the  power  series

Z=:=Lnanxn-1  and  I:=o#xn+1       also      have

radius  of  convergence  R.                                          (6)

(c)  Suppose   that   f(x)=Z::=oanxn    has   radius   of

convergence  R> 0.   Then  f  is   differentiable  on

(-R, R)  and

f'(X)=Z:=] nanxn-1    for  |x| <R. (6)

(500)
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integrable in which case the values of the integrals
agree.                                                                                      (6.5)

(c) Prove that every continuous function f on [a, b] is
integrable.                                                                         (6. 5)

2.      (a)     (i)  State  and  prove  intermediate  value  theorem
for integrals.

(ii)  Give  example  of  a  function  f which  is  not
integrable  for  which  |f|  is  integrable.         (6)

(b)  If u  and v  are  continuous  functions  on  [a, b]  that
are  differentiable  on  [a,b]  and  if u'  and  v'  are
integrable  on  [a, b]  then  prove

tabu(x)v'(x)+Jabu'(x)v(x)=u(b)v(b)-u(a)v(a)

(6)

(c) Prove that if f is  a piecewise continuous function
or  a  bounded  piecewise  monotonic  function  on

[a,b]  then  f is  integrable  on  [a,b].                      (6)

3.      (a)  Prove that  tocoe-tts-]dt  is convergent if and only if

s>0.                                                                                            (6)

a)     (i)  prove  that  J]cO¥dx  converges  absolutely

3005

(ii)  prove  that  J]cogdx   is  convergent.      (6)

(c)  Test  convergence  of

(i)   t2cog=dx         (ii)   tocoe-X2x2dx               (6)

4.      (a)  Let  (fn)   be  a  sequence  of bounded  functions  on

A E R.  Tben  this  sequence  converges  uniformly
on  A  to  a  bounded  function  f if and  only  if for
each   €   >  0  there  is  a  number  H(€)  in  N  such
that  for  all  in,n2H(€)  then  ||fm-fn||A  S   e.

(6.5)

nx
(b)  Let  fn(X)  = 1+n2x2

for x 2  0,  n  €  N.  Show that

the  sequence   (fn)   converges  non-uniformly  on.

[0, oo)  and  converges  uniformly  on  [a,  oo),  a >  0.

(6.5)

tc,]fa>o,showthatnTcotTaac¥dx]

happens  if  a= 0.

= 0 .  What

(6.5)

5.      (a)  State and prove weierstrass M-test for the uniform
Convergence  of  a  series  of functiofls.             (6.5)

P.T.O.
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(c)  Let  V  and  W  be  vector  spaces.  Let  T:  V i W  be
linear   and   let    {w[,w2 ,....,  wk}    be   a   linearly

independent  subset  of Range  of T.  Prove  that  if

S  =  {V„ v2 ,.... vk}  is  chosen  so  that  T(v[)  =  w[  for

i =  1 ,...., k.  Then  S  is  linearly  independent.

(6.5)

6.      (a)  Let T be  a linear operator on a  finite  dimensional

vector  space  V.  Let  P  and  f)'  be  the  ordered  basis

for V.  Suppose that Q  is  the change of coordinate

matrix   that   changes   8'   coordinates   into   P

coordinates,   then   [T]p,  =   Q-][T]p Q.                   (6.5)

(b)  Let  P,  y  be  the  standard  ordered  basis  of  PL(R)
and  R2  respectively.

Let  T:   P,(R)   +   R2  be   a  linear  transformation

defined  by  T(a+ bx)  =  (a, a+b).

Find[T];,[T-(];andverifythat[T-L]:=([T];)-i.

(6.5)

(c)  Let  U:  P3(R)  i  P2(R)  and  T:  P2(R)  i  P3(R)  be
the linear transformations respectively defined by

U(i(x))  =  f'(x)  and  T(f(x))=Joxf(t) dt .  Prove  that

[UT]p=[U]:[T];    where   or   and   P   are   standard

ordered  basis  of  P3(R)   and  P2(R)   respectively.

(6.5)

(1 000)
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Give  an  example  of  an  infinite  integral  domain
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(b)     (i)  Let  F  be  a  field  of  order  2n.  Prove  that  the
characteristic  of F  is  2.

(ii)  Find  all  the  units  in  z[i]                                      (6)

(c)  Prove  that  the  set  of all  the  nilpotent  elements  of
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2.      (a)  LetRbe  acommutative  ringwithunity  andAbe

an  ideal  of R  then  prove  that  R/A  is  an  integral

domain  if and  only  if A  is  a  prime  ideal  of R.

(b)  Prove  that  Z[i]/<1  -i>  is  a  field.

(c)  Find  all  the  maximal  ideals  of Z2o.

3.

(6)

(a)  Find  all  the  ring  homomorphisms  from  Z4  to  Z]o.
(6.5)

that  takes
_:"        1:`.

and  ®  be  the  mapping

to  a.   Show  that

(i)   ®  is  a  ring  homomorphism

(ii)  Determine  the  kernel  of  a.

(iii)   Is  ®   a  one-one  mapping.  Justify.        (6.5)

(c)  State   and  prove   first  isomorphism   theorem   for
rings.                                                                                              (6.5)

4.       (a)  Let  V(F)  be  a  vector  space.

(i)  Prove    that    the    intersection    of   two
subspaces   of  V(F)   is   also   a  subspace   of

V(F).

(ii)   Show  that union  of two  subspaces  of V(F)
may  not  be   a  subspace  of  V(F).   Discuss
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the  condition  under  which  union  of  two

subspaces   will   also   form   a   subspace   of

v(F).                                                                          (6)

(b)  Let S  be  a linearly  independent  subset of a vector
space  V(F),   and   let  v  be   a  vector  in  V   that  is

not  in  S.  Then  S  u   {v}  is  linearly  dependent  iff

v  €  Span (S).                                                                          (6)

(c)  Let  u,  v,  w  be  distinct  vectors  of a  vector  space
V.   Show   that  if  {u,v,w}   is   a  basis   for  V,   then

{u+v+w,  v+w,  w}   is  also  a  basis  for  v.            (6)

5.      (a)  Let   V(F)   and   W(F)   be   vector   spaces   and   let

T:   V+W  be  a  linear  transformation.   If  V  is   a

finite-dimensional, then

Dim(V)  =  Nullity(T)  +  Rank(T).                     (6.5)

(b)  Let  T:   R2ilR3  and  U:   R2  i   R3  be  the  linear
transformations  respectively  defined  by

T(a,,  a2)   =   (a, + 3a2, 0, 2at-4a2)

U(a„  a2)   =   (a[-a2,   2a„   3a[+2a2)

Let   P,   y   be   the   standard   basis   of  R2  and   R3

respectively,  Prove  that

(i)   [T+U]; +[T]: +[U];

(ii)   [aT];=a[T];    forall   scalars   a.               (6.5)

P.T.O.
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(c)  Find  th9  payoff from  a  bull  spread  created  using

call   options.   Also   draw   the   profit  .dia'gra`m

corr.es.ponding  to  this  trading  strategy.
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..1.      (a) Define  convexity  ofa bond  and  find  the  relation

between the  Convexity, Duration and.Bond price.
`Ho`w  does   conve.xity  measure   sensitivity   of  the

portfolio?

•     (b)  Consider   the   three  bonds  having  payments   as

shown  in  the   table  below.   They  are  traded  to

procure a,12% yield with continuous` compounding.

+\`
End of yearPayments Bond A Bond 8 Bond C

Year I 1000 500 0

Year 2 1000 500 0

year 3 1000+10000 500+10000 0+10000

Determine  the  p.rice  and  duration  of each  bond.

.    (c)  Explain   Forwa.rd   Rates..   Derive   the   following^

relation :

RF=R2+(R2-Ri)±

where RF is the forward interest rate for. the period

between  T,  and  T2.  R,  and  R2  are  the  zero  rates

for   inaturities   T,   and   T2<  respectively..   What

happens  when  R2 > RL?

'H]'
\

4S
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6.      (a)  Discuss  the  delta  of  a  European  call  Option  and

calculate  the   delta  of  an  at-the-money  6-month

European  call  option  on  a  non-dividend-paying

stock  when  the  risk-free  interest  rate  is  8%  per

annum  and  the  stock  price  volatility  is  30% pe.r

annum.

(b)  Compani.es   .A   alid   8   havei  been   offered   the

following  rates  per  annum  on  a  {10  million  loan

for  5  years  :

Fixed rate              F.Ioating rate

Company,A          12.0%                     LIBOR+  0.1%

CompanyB          14.5%                    LIBOR+  0.9%                       \

Company A requires a floating-rate loan; Company

8  requires  a  fixed-rate  loan.  Design  a  swap  that

will  net  a  bank,  acting  as  intermediary,  0.1%Jper

annum  and  that  w.ill  appear  equally  attractive  to

both  companies.

P.T.O.
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5.      (a)  Given  that in  a  risk-neutral world,

hsT~.dy[hso+(r-i)T,o2T],

where  ST  is  the  .stock  price  at  a..future  time  T,

So  is  the  current  stock  price,  r  is  the  risk-free

rate,   a   i's   the   volat.ility   and   dy(in, v)   denotes   a

`normal  distribut-ion with  mean  in and  variance  v.

For  the  given  strike  price  K,  find  P(ST >  K),  the

.probability that a Eurdpean call option be exeicised

in  a  risk-neutral  world`.

(b)  Show  that  th.e  Black-Scho!es-Merton  formulas

for call and put options  satisfy`the put-call parity.

(c)  What  is  the  price  of a  European  call  option  on  a

non-dividend-paying stock when the stock pric6 is.

{52,  the  strike  price  is  {50,  the. risk-free  interest

rate  is  12%  per  annum,  the 'volatility  is  30%  per

annum,  and the  time  to  maturity is  three months?

(You   can   use   values:   'ln(26/25)   =   0.0392,

exp(-0.03)  =0.9704)      .

3071

2.    r(a)     (i)  An investor sells aEuropean call option with

strike  price  of K  and  maturity  T `and  buys  a

put  with .the  same  strike' price  and  maturity.

Describe  the  investor's  position.

(ii)  An  investor sells  a European  call  on  a  share

for  {6,  the  stock price  is  {45  and  the  strike

price  is  {52.  Under.what  circumstances  will

the  seller of the option make  a profit?. Under

what   circumstances   will   the   option   be

exercised?

(b)  Write a short note ori European put o|)tions. Explain

the payoffs in different types of put option positions

with  the  help  of diagrams.

(c.)  Ex|)lain   Hedging..  A   United   States   company

expects to pay  1` million Euros in 3 months, Explain

how  the  exchange  rate  risk  can  be  hedged  using.

(i)  A  Foivard. Contract     `.

(ii)  An Option.

P.T.O.
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3-.      (a) Name   the   six   factor.s/  that   affect  stock  option

prices.  Explain  any  three  of them.

(b)  Derive the put-call parity for European options on

a  non-dividend-'paying  stock.  Use  put-call  parity
'to  derive  the  relationship  b-etw.een'the  gamma  of

a European call  and the ggmma of a European put

on  a non-dividend-paying stopk.

(c)  Find  lower  bound  and upper bound  fo.r  the  price

of  a   I-month  European  put   option   on   a  non-

dividend-paying stock when the stock price is {30,

th'e  strike` price  is  {34,  a.nd  the  risk-free  interest

ra.te  is  6%  per  annum?  Justify  your  answer  wi~th

no   arbitra.g'e   argtiments,`   (e-0.005 = 0.9950)'.

3071

'portfolio  riskless?  Using  no-arbit.rage  arguments,

•   find  the   pri?g   of .a   one-month   European   call

option  with  a  strike  prige  of {39.?  (You  can  use

exponential  va|;e:  e°.005  =  1.005).

(b)  A  `stock price  is  currently  {50.  O/vcr  each  of the

next  two  three-month  periods   it  is  expected  t6

go   up   by   6%   or  tow,n   by   5%;.   The   risk-free

interest  rate  is   5%  per  annum  with  continuous

`compounding.  What  is  the  value  of  a  six-month

European  calf option  with  a  strike  price  of €51?

(You can use exponential value:  e-0.0125 = o.9876).

4.      (a)  A stockprice is  currently {40.  It is known that at

the  end of one month it will be either {42  or {38.

The  risk-free  interest  rate .is  6%  per  annum  with

continuous   c6inpounding.   Consider  a,  portfolio

consisting  of one  short  call  and  A  shares  of the

stoc'k.  What  is  the  value  of A  which  makes  the

(c)  Consider a two-period binomial model with current.

stock price  So  =  {100,  the  up  factor  u '=  I.2,  the

dowp  factor  d`=  0..8,  T  =  I  year  and  each  period

being  of length  six  months.  The  risk-free  interest

rate    is    5,%    per    annum    with    contihuous

compounding.  construct  the  two-period  binomial

tree  for  the  stock.  Find tlie  price'of an  American

put  option  with`  strike  K  =   {104   and  maturity

T  =   I   year.   (e-0.025  =  0.9753)

P.T.O.
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(c)  Suppose.the number of items produced in a factory

during  a  week  is  a  random  variable  with  mean

500.

(i)  What can be said about the probability that

this   week's   production   will   be   at   least

1000?

(ii)  If  the  variance   of  a  week's   production

is   known   to   equal   loo,   then   what  can

be   said   about   the  probability   that  this

week's production will be between 400 and

600?

(1000)
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1.       (a)  Let  {Cn}  be  all arbitrary sequence of events.  Show

that

P(U:=icn)<Z=:=]P(Cn).

(b)  Find  a  formula  for  the  probability  distribution  of
the total number of heads obtained in six tosses of

a  balanced  coin.

(c)  The  pdf of the  random  variable  X  is  given  by

f(x,-(¥: 0<x<4

elsewhere

Find :

(i)  The  value  of c.

•ii,  p(x<i) and  P(X>  I).
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(c)  Using method  of least square  to  fit  a straight  line

for the  following  data:

I               6.      (a)  Let x  and  Y havejoint probability mass  function

described  as  follows :

r#,vl 1, 11 '1.2\ '1,31 '2,1\ (2,21 '2, 31
P(£,y) 2 4 3 1 1 4

E R Eg E T= H

Find the correlation coefficient between X and Y.

(b)  A  soft  drink  vending  machine  is  set  so  that  the

amount  of  drink. dispensed  is  a  random  variable

with   a  mean   of  200   milliliters   and   a   standard

deviation  of 15  milliliters.  What is  the probability

that  the  average  amount  dispensed  in  a  random

sample  of size  36  is  at  least  204  milliliters?

P.T.O.
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(c)  Let  X  and  Y  have  the joint  pdf :

f(x,y)=
6y   ;   0<y<x<1

0     ;   elsewhere

Show  that  E[Y]  =  E[E[Y|X]].

5.       (a)Let

P(x,y)= 16,
if  x=1,2,3,4:  y=1,2,3,4

0  ,   otherwise

be the joint probability mass function of X and Y.

Show  that  X  and  Y  are  independent.

(b)  The joint  density  of two  random  variables  X  and

Y  is  given  as

f(x,y)= x. e-X(I+y);  x > 0  and  y > 0

;  elsewhere

Find  the  regression  equation  of Y  on  X.
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2.      (a)  Find the moment generating function of the random

variable  whose probability  density  is  given by

f(x,-(:-x  ,;  :,::
elsewhere

Use   it   to   find   an   expression   for   LL:,   where

Li: =  E[Xr]  is  the  rth  moment  about  the  origin.

(b)  Define geometric distribution. If the probability is

0.75  that  an  applicant  for  a  driver's  license  will

pass  the  road  test  on  any  given  try,  what  is  the

probability  that  an  applicant  will  finally  pass  the

test  on  the  fourth  try?

(c)  Show that Poisson distribution is a limiting case of

binomial  distribution when n i  co,  0  +  0,  while

no  =  ^  remains  a  constant.

P.T.0.
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3.      (a)  Show  that  if  a  random  variable  has  a  uniform

density   with   the   parameters   er   and   P,   the.

probability  that  it  will  take  on  a  value  less  than

er  +  p(P  -  c£)  is   equal  to  p.

(b)  Let  X  and  Y  be  two  random  variables  with joint

probability mass function :

P(x,y)=¥=¥;  for x =  1, 2 and y =  I, 2, and zero

elsewhere.

Show  that  E[XY]  *  E[X]E[Y].

(c)  Let X  and  Y be  discrete random variables  having

joint probability mass function-

p(x,y)= ;  1 S x < co,  1 S y < co, x, y € Z

;   elsewhere

Determine  the  joint  moment  generating  function

of X  and  Y.
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4.      (a)  Let  x[  and  x2  have  thejoint  pdf:

f(xl,x2)-
Xi  +X2  ;   0<Xi  <1,   0<X2  <1

0             ;             otherwise

(i)  Find  the  marginal  pdf of X[,  X2.

(ii)  Find the probability  P

(iii)   Find  the  probat)ility  P(X]  +  X2  S   1).

dt

a               (b)  Let  (X,Y)  be  a  discrete  random  variable  having

joint probability mass function :

P(x,y)= ¥;(x,y)=(1,1),(1,2),(2,I),(2,2)
0       ;   elsewhere

Determine  the  conditional  mean  and  variance  of

Y  given  X = x  for  x =  I.

P.T.O.


